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Zusammenfassung

In vielen Féllen sind analytische Losungen von stochastischen partiellen Differentialgleichungen
nicht explizit berechenbar, weshalb das Ziel dieser Arbeit die Entwicklung numerischer Ver-
fahren zur Losung dieser Gleichungen ist. Insbesondere liegt der Fokus auf ableitungsfreien
Verfahren héherer Ordnung. Diese Methoden haben im Allgemeinen, verglichen mit Approxi-
mationsverfahren welche mit der Ableitung des Diffusionsoperators arbeiten, einen geringeren
Rechenaufwand bei gleicher Konvergenzordnung.

In dieser Arbeit wird die Konvergenz im quadratischen Mittel der vorgestellten numerischen
Verfahren bewiesen und die Ergebnisse werden durch Simulationen bestétigt. Auferdem wird
der Rechenaufwand der einzelnen Verfahren analysiert. Die Minimierung des Fehlers fiir gegebe-
nen Aufwand liefert die effektive Konvergenzordnung. Dieser Wert wird fiir die verschiedenen
Verfahren bestimmt und verglichen. Es wird gezeigt, dass die ableitungsfreien Verfahren im All-
gemeinen eine hohere effektive Konvergenzordnung erreichen.

Bei der Approximation von nicht-kommutativen Gleichungen miissen zusétzlich iterierte sto-
chastische Integrale simuliert werden. Es werden Verfahren vorgestellt um diese Integrale zu
approximieren und die Gleichungen zu l6sen. Die theoretischen Ergebnisse werden mit nu-
merischen Simulationen veranschaulicht. Auch fiir diese Klasse von stochastischen partiellen
Differentialgleichungen erreichen die ableitungsfreien Verfahren in vielen Féllen eine hohere ef-

fektive Konvergenzordnung.



Summary

Analytical solutions to stochastic partial differential equations are in most cases not explicitly
computable. Therefore, the goal of this work is to derive numerical schemes to solve these
equations. Particularly, we focus on schemes with higher orders of convergence that are free
of derivatives. These numerical methods involve, in general, less computational effort with the
same high order of convergence compared to schemes that include the derivative of the diffusion
operator.

The convergence of the numerical schemes is proved analytically and the computational costs of
these schemes are analyzed. We derive the effective order of convergence for various schemes by
minimizing the mean-square error given some fixed computational cost. In general, this number
is higher for the derivative-free methods.

In the approximation of stochastic partial differential equations that are not commutative, it-
erated stochastic integrals have to be simulated. We present and analyze numerical schemes to
complete this task. These schemes are incorporated into a derivative-free numerical method to
approximate the mild solution of such equations. Moreover, the effective order of convergence of
these algorithms is derived and compared to the order of established approximation methods.
The theoretical results are illustrated and confirmed with numerical simulations for both types

of equation.
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Motivation

From medicine over biology and geology to finance - stochastic partial differential equations are
a powerful modeling tool in numerous applications. As an example, we present the transfer
of information in the human brain, that is, the modeling of the evolution of action potentials
between neurons.

Let us focus on one neuron with resting membrane potential Vj and denote by V' the membrane
potential of this cell, that is, the difference between the voltage inside and outside of the neuron.
One model to describe changes in the membrane potential is the model by FitzHugh and Nagumo
[18) 19, 52], which is a simplification of the seminal model developed by Hodgkin and Huxley
[28]. We assume that the neuron can be represented by a cable of length [ and radius r and
restrict this representation to the one-dimensional case for simplicity. The model comprises a

system of two (stochastic) partial differential equations

ov 0*V

S = Digmy +V(V —a)(1 = V) = AZ + I(a,1,V),
0z 8*Z

E—DQW—FdV—pZ—Fb), t>0,$€(0,l),

where Z is the recovery variable responsible for obtaining the equilibrium potential after an
action potential occurred. Moreover, we need to specify boundary conditions and initial values
for V and Z. For the parameters, it holds Dy, Dy, k,a, A\, e,p > 0, b € R. Here, I(x,t, V), t > 0,
x € [0,1], is the input current which results from extern or cell intern sources. This term can
be random and accounts for input from other neurons, the variability in the interspike intervals,
the opening and closing of ion channels or random postsynaptic potentials, see [68]. For more

details on this or similar neuronal models, we refer the reader to [111 [64], 66, [67] 68, [69].



Introduction

Let T € (0,00) and let (2, F,P) denote a probability space endowed with some filtration
(ft)te[o,T] fulfilling the usual conditions. In this work, we investigate semilinear, parabolic
stochastic partial differential equations (SPDEs) on (€2, F, (Ft).e(o,17, PP)- These equations are of

the following general form
dX; = (AXt + F(Xt)) dt + B(Xy)dWy, t € (0,77, Xo=¢. (1.1)

Here, the solution process (Xt)te[o,T] is an element of some separable Hilbert space H., for some
suitable v € [0, 1) and (W3).ejo,r) is @ Q-Wiener process with respect to (F)yepo,7]- More details

on the operators, spaces, and processes in this equation are given in Chapter

Analytical properties of stochastic differential equations in infinite dimensions have been analyzed
extensively, consult, for example, [12} 13| 34} 36, 42| 47, 55, [69]. Different notions of solutions
for SPDEs have been introduced and properties of the solution process, such as its regularity,
have been studied, [7, 13}, [34], 42], [79]. Existence and uniqueness of solutions have been proved
by different means. Walsh introduced the martingale approach, see [69]; another idea is the
variational approach, which is employed in [53] or [63], for example. In this work, we chose the
semigroup approach to prove the existence and uniqueness of a mild solution, as described in
[13] or [34].

SPDEs are, however, a complex class of differential equations barely allowing for an analytical
solution. As for stochastic ordinary differential equations (SODEs) and partial differential equa-
tions (PDEs), there is thus a need for numerical schemes to approximate the solution process.
Particularly, we need tools from both the fields of SODEs and PDEs in the approximation of
SPDEs. Research in this direction includes [T}, 2, [6] 2], 22, 25| 26], 30, 3], 44], 48], [49] 511 [70, [78],



to name only a few works.

In order to approximate the solution process of a SPDE numerically, one has to discretize the
infinite dimensional stochastic process next to the time and space domain. Concerning the space
domain most methods work with a spectral Galerkin method or a finite element discretization
to obtain a finite dimensional system of stochastic differential equations in the projection space,
see [1}, 35 [41], [70] [78], for example.

So far, schemes with higher order of convergence in the temporal direction remain rare and
efficient algorithms are restricted to equations under very specific assumptions, see [3}, 4, [5], 20,
35, [44], [45], or [71].

In [32], Jentzen and Kloeden derived Taylor approximations for the mild solution of SPDE (I.1)),
which is given by

X, =eMe+ / t eAl=9) P(X,) ds + / t A=) B(X,)dW,  P-as.
0 0
for ¢t € [0,7]. These approximations allow for the schematic derivation of numerical schemes.
Based upon this work, the authors proposed the exponential Euler scheme, see [31]. Furthermore,
higher order schemes such as the Milstein scheme in [35] and a Wagner-Platen type scheme in
[5] were developed for SPDEs driven by a Q-Wiener process with trace class that fulfill certain
commutativity conditions. In [7I], the authors derived a derivative-free version of the Milstein
scheme based on similar assumptions. Moreover, further Milstein-type schemes were developed
in 3], 4, [44]. All these higher order schemes are, however, only efficiently applicable to a specific

class of SPDEs with an operator B that is pointwise multiplicative in the Q-Wiener process.

The main novelty in this work is the development of efficient derivative-free approximation
schemes with computational cost of optimal order for SPDEs of type (1.1)).

We start from the Milstein scheme for n-dimensional stochastic differential equations for some
fixed n € N to emphasize the crux. Let (W), 7] be a k-dimensional Brownian motion with
respect to (Fi).e(o,) for some fixed k € N and assume a: R" — R" and b = (b1,...,b): R" —
R™* with bj(z) = (b1j(z),...,bu ()T, j € {1,...,k}, € R", to be Lipschitz continuous
functions. In this setting, the system of SODEs

k
dXy = a(X;) dt + Y bj(Xy) AW/
j=1

for t € (0, T] with initial value Xy = £ € R™ allows for a unique solution, [38|. For simplicity, let
the step size h = % for some M € N be constant such that we obtain an equidistant discretization
tym =m-h, me€{0,..., M}, of the time interval [0, T].

Now, define AW, = Wj  — W] forallje{l,...,k}, me{0,...,M —1}, M € N. It is well

tm+1
known that the following expression holds for the stochastic double integrals

tm+1 S . . tm+1 S . i . .
/ / AW dWi + / AW AW = AW AW, (1.2)
tm tm t

m tm



fori,j € {1,...,k} withi#j, me {0,....,M — 1}, M € N, see [38]. If we assume the SODE

to be commutative, that is,

" oby ; n oby
E ) it E ) 1.
br.; ox, - bri ox, (1.3)

r=1
holds for all I € {1,...,n} and 4,5 € {1,...,k}, the Milstein scheme can be easily simulated due
to expression (|1.2]).
Let us focus on the commutative SODE for now. In this setting, the Milstein scheme can be

written as YOM = ¢ and

k

for m € {0,...,M — 1}, M € N. We refer to [38| for more details. The implementation of this
scheme is straightforward as no stochastic double integrals have to be simulated. The Milstein
scheme achieves a strong order of convergence of 1.0, which is an improvement compared to
the Euler-Maruyama scheme for SODEs with rate 0.5, [38]. The computation of the Milstein
scheme is costly, however. In each time step one has to evaluate the drift and diffusion functions
a, bj, j € {1,...,k}, which are (k+ 1) - n evaluations of scalar (nonlinear) functions in each
step. The same terms have to be computed in the Euler-Maruyama scheme as well. Moreover,

for fixed m € {0,... M}, M € N, one has to calculate the Jacobian O (Y, M)
zr N0 )

i € {1,...,k} in the Milstein scheme, which results in n?k function evaluations. In total, we
obtain a computational effort of O(nkM) for the Euler-Maruyama scheme and O(n?kM) for the

Milstein scheme. The number of time steps employed to simulate one path with a prescribed

for all

accuracy and to obtain X7 with the Milstein scheme is, however, smaller than for the Euler-
Maruyama scheme as it attains a higher order of convergence, in general.

In order to reduce the computational cost while keeping the strong order of convergence at the
same level, Rofler introduced approximation schemes for SODEs that are free of derivatives in
[60, 611, [62].

For some N, K € N, let Py : H — Hy and Pg : V — Vi denote some projection operators for
the spatial discretization and the approximation of the Q-Wiener process, respectively - more
details are given in Section [3.3] In the setting of infinite dimensional stochastic differential
equations, the computational cost of the Milstein scheme is cubic in the dimensions N and K of
the projection spaces Hpy and V; precisely, the computational effort of the scheme is of order
O(N?K) in each time step. Since these dimensions need to increase to obtain a higher accuracy
of the approximation, the reduction of the computational cost becomes even more important for
SPDEs.



Jentzen and Rockner developed a Milstein scheme for SPDEs that are commutative in [35]; the
commutativity condition for the setting of SPDEs is specified in Section [3.3] They solved the
problem of high computational effort by restricting their examples to the case of an operator
B that is pointwise multiplicative in the Q-Wiener process, that is, (B(y)v)(z) = b(x,y(z)) -
v(x) for all x € (0,1)4, y € H =V = L*(0,1)4,R), v € Vo € V, b: (0,1)4 x R — R and
d = 1,2,3. Therewith, they avoid the evaluation of terms that result in cubic computational
costs. In addition, their scheme is applicable to more general equations as well; in this case,
the computational effort is of order O(N2K M), however. For general commutative equations of
type , the scheme reads as YON’K’M = Py¢ and

VAR = (A (B 4 PR 4 B A

—+

LS BN (B 6)) )

JEITK

B (Y M) (B KA AW A, AW )

>N -

for all m € {0,1,..., M —1}, M, N, K € N. Details on the notation can be found in Section

Another approach to reduce the computational cost is the derivative-free version of the Milstein
scheme for SPDEs derived by Wang and Gan in [71]. This scheme is only applicable if the
operator B is pointwise multiplicative in the Q-Wiener process, the setting considered in [35] as
well, and cannot be employed to solve equation in general. The Runge-Kutta type scheme
has the following general form YONKM = Py¢& and

v = py ( Ah (Ynfj’KﬁM + hE(YN MY o gy, NAGMy Ay KM

1
+ BB M ) (AWM, AWM) Z n; BB(Y, VKM h)(e],ej)>)
JEJK

for all m € {0,1,...,M — 1}, M, N, K € N. The bilinear operator BB has to fulfill the following

assumptions. There exists a constant C, independent of h > 0, such that

IBB(v, h) — BB(w,h)|; QHU_wHH (1.4)

L2 (Vo,H) =

IBBw.K) = BB, . < Ch (1+ ol (L5)

for all v,w € Hg and some 3 € [0,1). Under these conditions, the strong order of the Milstein

scheme is preserved.

Here, we choose an alternative way to handle the issue of high dimensionality. We devise nu-
merical schemes which are applicable to a general class of equations of type (1.1) and free of

derivatives.



Particularly, we specify an approximation operator of the term
1 N,K,M N,K,M K,M K,M
§B,(va7 ' )(B(Ym’ ' )AWm’ 7AWm’ )

=3 3T VR (V) (B M), ) ABL AR
1,j€ETK

which has to be computed in the Milstein scheme for some N, M, K € Nand allm € {0,...,M};
this approximation can be obtain with reduced computational cost. The idea is based on the
work by Rofler for finite dimensional SODEs, see [60, [61], 62], for example, and allows to lower
the computational cost to the effort involved in the Euler-Maruyama scheme, that is, O(nkM).
In the setting of SPDEs, this reduction in the computational cost (CC) is even more powerful
as the effective order of convergence can be improved.

The effective order of convergence is defined as the rate that we obtain by solving the optimization

problem

1

min ( sup E[HXtm — YTQ/[NKM{D? such that CC=c¢
NME N mefo,...,.M}

for some ¢ > 0. This concept is introduced in Section

The formulation of the approximation method as well as its proof can, however, not be transferred
from the finite dimensional setting directly. The number of independent Brownian motions K € N
has to increase to obtain a higher accuracy in the approximation of SPDEs, but the constant in
the error estimate for SODESs is not independent of K. Therefore, a different approach is needed
in order to prove convergence. We elaborate on this issue in Chapter [3]

Commutative SPDEs allow for an expression of stochastic double integrals of the form
t T
/ B’(XS)</ B(Xs)dwﬂ AWK, stel0,T),s<t K €N,
S S

in terms of increments of the QJ-Wiener process; thus their simulation is straightforward. This
simplification is not possible if the commutativity does not hold. In Section we propose
two algorithms to approximate the stochastic double integrals in this case. These approximation
methods are based on the schemes by Wiktorsson, [39], and Kloeden, Platen, and Wright, [75],
developed for finite dimensional SODEs. We transfer the methods to the setting of SPDEs and

obtain error estimates which differ from the expressions derived for SODEs.

This work is composed as follows. In Chapter [2| we lay the foundation to work with stochastic
partial differential equations. We explain and illustrate the equation of interest and present
stochastic calculus in Hilbert spaces. Furthermore, we elaborate on the theory of existence and
uniqueness of a mild solution and some important properties of this process to some extent.
The focus of this chapter is on stating results that are crucial for the numerical analysis later
on. In the main part of this work, Chapter [3]and Chapter [ we develop derivative-free schemes

to solve equation (1.1)) efficiently. We devise different schemes depending on the assumption of



commutativity. These schemes solve the issue of high computational costs related to a higher
order of convergence, as described above. We introduce the concept of the effective order of
convergence for comparability of the schemes. Moreover, we prove the convergence of these
methods theoretically and analyze their computational effort.

Chapter [3] is concerned about commutative equations. We design a derivative-free Milstein
scheme and prove its strong convergence; this result is stated in Theorem Besides, we
analyze the effective order of convergence for various schemes and compare these values for
different types of equations. A summary can be found in Table Finally, we illustrate our
findings with numerical simulations.

In Chapter {4 we turn our attention to SPDEs of type that are not commutative. We
introduce two algorithms to approximate the iterated stochastic integrals and prove convergence
results as specified in Theorem [I-1] and Theorem [£.2] respectively. These schemes are incorpo-
rated in a numerical method which is free of derivatives and attains a higher effective order of
convergence than the exponential Euler scheme for a large number of equations. The results on
the convergence are stated in Theorem and a comparison of the schemes can be found in
Table 411

Eventually, we state some ideas on the connection of local and global errors and close with a

discussion of our results.



Stochastic Differential Equations

in Infinite Dimensions

There are different ways to look at a stochastic partial differential equation - on the one hand,
we can describe it as a stochastic differential equation in infinite dimensions, on the other, it
defines an evolution equation where a stochastic term is added. It is therefore obvious, that
the study of stochastic differential equations in infinite dimensions employs tools from various
disciplines. We need to introduce some definitions and theorems from the theory of semigroups;
this is necessary due to the notion of a solution, the mild solution, that we focus on. We prove
the existence and uniqueness of the solution, similar as for partial differential equations (PDEs),
by means of semigroups. Next to ideas from the analysis of PDEs and some definitions from
functional analysis, we introduce stochastic analysis in Hilbert spaces, as the solution to SPDE
is a Hilbert-space valued stochastic process.

First, we present the general setting in which the stochastic evolution equations are analyzed
in the following. Let (H,(:,-)g) and (V,(:,-)y) be separable real-valued Hilbert spaces. In
particular, these spaces have countable orthonormal bases; {e;, i € Z} denotes the basis of H
and {€;, j € J} the basis of V, where Z, J are countable index sets. More details on these bases
are given in Section and Section [2.2

Let T € (0,00) and define a probability space (£, F, P) with filtration (F);cjo,r). We assume
(.Ft)te[gﬂ to be right-continuous and that Fy contains all sets A € F with measure zero.

We are interested in solving semilinear, parabolic equations on (§2, F, (F¢)ic(0,1], P) of the general

form

dX; = (AX; + F(Xy))dt + B(Xy)dWy, te (0,7, Xo =¢&, (2.1)



2.1. Semigroups

where the solution process belongs to a Hilbert space H,, v € [0,1), and (Wt)te[o,T] eVisa
Q-Wiener process with respect to (F).c(o,r). Details and properties of the operators, processes,

and spaces will be given in Section [2.I] to Section [2.3]

We want to emphasize that the following sections are not supposed to be complete but simply

aim to provide the theory and tools employed in the main part of this work.

2.1 Semigroups

As we make use of the theory of semigroups in the proof of existence and uniqueness of a mild
solution to SPDE (12.1)), we need to collect some facts on semigroups on Hilbert spaces. We prove
estimates that are essential in the analyses that we conduct later on. The definitions, theorems,

and proofs in this part are taken from the fundamental works [54], [57], and [65].

First, we look at a deterministic Cauchy problem, [57].

Example 2.1

Consider

where A € R"™" x9 € R™, and n € N.

The solution to this equation is known to equal
X(t) = zoet.

In this example, the operator A is bounded and the definition of eAt, t € [0,T), is straightforward.

In the case of evolution equations in infinite dimensions, the linear operator A does, however,
not have to be bounded; consider the Laplace operator A = A, for example. Thus, the questions
we need to answer are under which conditions on A the operator e4?, t € [0,T], is defined and
how e, t € [0, 7], can be represented in this case. It will turn out that we need A to generate
some type of semigroup - an analytic semigroup in our setting - for a reasonable definition of
this expression. We start with semigroups of bounded linear operators and move step by step to

the definition of analytic semigroups and its properties.

Definition 2.1 (Semigroup of Bounded Linear Operators and Cp-Semigroup)
S(t) is defined to be a semigroup of bounded linear operators on H if S(t) € L(H), for allt > 0,

and
o S(0)=1

e S(t)S(s) =S(t+s), s,tel0,00).



2.1. Semigroups

We call S(t), t > 0, a Cy-semigroup if S(t), t > 0, is a semigroup of bounded linear operators on
H and

li = H.
Jim Styw=w for every w €

[64, Chapter 1, Definitions 1.1,2.1]

In the study of evolution equations we are, however, given the linear operator A instead of the
semigroup S(t), t > 0. Therefore, we are interested in the relation of the operator A and the
corresponding semigroup as well as the properties that this operator has to fulfill such that S(t),

t > 0, is a Cp- or analytic semigroup, respectively.

Definition 2.2 (Infinitesimal Generator)
Let S(t), t > 0, be a Cy-semigroup on H. The infinitesimal generator A of S(t), t > 0, is defined

by
_ +
Aw := lim S(h) Iw: AT (S()w
h—0+ h dt

=0
forw € D(A). The domain D(A), in turn, is defined as

D(A) := {w € H: lim S(hz_lw ea:z'sts}.

h—0+
|54, p.1]
The following assumptions on the operator A, stated in the Theorem by Hille-Yosida, guarantee
that A generates a Cp-semigroup.

Theorem 2.1 (Hille-Yosida)
A linear operator A is the infinitesimal generator of a Co-semigroup with ||S(t)||rmy < 1 for all
t >0 if and only if

i) A is a closed operator and D(A) = H

i) p(A) :={\ e C: (A — A) is invertible}, called the resolvent set of A, contains R and

_ 1

IRA(A) | ey = [IAM — Aoy < 1
for all A > 0.

[54, Chapter 1, Theorem 3.1]

Proof. The proof of this important theorem can be found in [54], p.8,9]. O

In the analysis of the existence and uniqueness of a solution to SPDE ([2.1)) and the investigation

of the numerical schemes in Chapter [3| and Chapter |4, we need the operator A not only to

generate a Cp-semigroup but an analytic semigroup instead.

10



2.1. Semigroups

Definition 2.3 (Analytic Semigroup)
An analytic semigroup S(t), t > 0, is a Cy-semigroup which fulfills the following additional

requirements

o S(t) € L(H) can be extended to t € Ay = {0} U {t € C| |argt| < ¢} for some ¢ € (0, 7)
and Definition holds for all t € Ay,

o S(t) is analytic in t fort € Ay \ {0} (in the uniform operator topology).
[57, Definition 11.30]

As above, we are interested in the properties of the operator A that guarantee that the corre-

sponding semigroup is analytic.

Theorem 2.2 (Generator of Analytic Semigroup)
Let A be a linear, closed, and densely defined operator in H. A is the generator of an analytic
semigroup if and only if there exists some w € R such that {\: Re A\ > w} C p(A) and it exists

a constant C such that

C
A—w

[BA(A) Ly <

for Re X > w.
Under these assumptions, it holds {\ : |arg(A —w)| < § + 6} C p(A) for some 6 > 0 and the

semaigroup can be represented as

1
et = — / NN — A)~d),
21 Jr
where T is a curve from e”“Poo to e"Poo such that T' C {|arg(A — w)| < ¢} for 2 <o <% +4.
[57, Theorem 11.31]

Proof. For a proof, we refer to [57), p. 412-414]. O]

Moreover, A generates an analytic semigroup if we assume (—A) to be self adjoint and bounded

below with compact resolvent, [65, Theorem 32.1].

Next, we want to list and illustrate some basic features of analytic semigroups. These are
important in the analysis of the solvability of equation (2.1)) and later on to prove the convergence
of the numerical schemes. First, we define the fractional power of the generator A of an analytic

semigroup. Therefore, we need to define the spectrum of the operator A

a(4) = C\ p(A),

see [57, Definition 7.39] for details.

11



2.1. Semigroups

Definition 2.4 (Fractional Power)
Assume A to be the generator of an analytic semigroup and that the spectrum of A lies in the

open left half-plane. We define

1
(—A) == A AT+ A)Hd, (2.2)

where T is again a curve from e~ oo to e*¥oo, with 5—0 <@ <mandd as specified in Theorem
such that the origin lies to the left of I' and the spectrum of —A to its right. \™% is taken to
be positive on the positive real axis. The integral converges in the uniform operator topology for

every o > 0.
57, p. 415]

For o > 0 the integral in (2.2) can be expressed as

1

(—A)"@ = o) /OOO toleAl gt

The simple reformulations can be found in [54] or [57].
Now, we state some estimates which are of importance in our analysis in various steps. We give

a proof of these estimates as they are essential in this work.

Theorem 2.3 (Estimates of Analytic Semigroups)
Let A be the generator of an analytic semigroup S(t), t > 0, with spectrum that lies entirely in
the open left half-plane. Then, it holds for some C >0, >0, and all t > 0

a) IS@) ||y < Ce™,
b) 1(=A)" o) £C, 05 <1,
) [(=A)*e ||y < Cat™, a >0, t >0,
d) [[(=A)~ (e = DllL@) < Cat®, 0 <a < 1.
[54, Chapter 2, Lemma 6.3,6.13]

Proof. The proofs are mainly taken from [54] and [65].

a) For Cp-semigroups, it holds [|S(¢)||Lg) < Ce™" with constants C > 1, w > 0, [54, Chapter
1, Theorem 2.2]. As the spectrum of A lies in the open left half-plane, this estimate is true
for w = 0. Moreover, we can choose some § > 0 such that A + § is again the generator of an

analytic semigroup with
e gy < C = (e iy < Ce™

for all ¢ > 0.

12



2.1. Semigroups

b) Let a € (0,1), with part a) it holds

(= A) o) = Hr(la) /OOO el

1 [ 1 [
< / 2 e Loy dt < / ttCe 0 dt
0 0

I'(«) ~ I'(a) )
C [ u\e-1 1 CT(«
- F(a)/o (5) erydu= r(a)fsa—z =

We get [|(—A) || 1(z) < C by similar computations.

c¢) First, note that (—A)® is a closed and densely defined operator for a > 0, [54, Chapter 2,
Theorem 6.8]. So, (—A)*S(t), t > 0, is closed and everywhere defined and the Closed Graph
Theorem, [73, Theorem IV.4.5|, implies (—A)*S(t) € L(H) for allt > 0, a > 0.

Let k>a>k—1,keN,t>0, we obtain

I(=A)* e Loy = 1(=A) A% 1)

1 % k—a—1 gk A(t+s) H
| a=14 s
Hr(k—a)/o s R P

1 k—a—1| ok A(t+s)
< A ds.
= F(kﬁ ) /0 S H e HL(H) S

We compute an estimate of HAkeAtHL(H), t > 0, first. For now, let k = 1. S(¢), t > 0, is
differentiable, see [54, Chapter 2, Theorem 5.2|, and it holds

d 1
as) = Loy = L / AN — A)LdA,

211 T
Since S(t), t > 0, is an analytic semigroup, we can shift I' to the rays pe’® and pe™ % with
p € (0,00) and ¢ as given in Theorem [54, p.63]. Therewith, and as H(/\I—A)_1||L(H) < %
for Re A > 0, we obtain

C
A < s =
IASE i) < 7t| cos(¢p)| “

Now, we easily get for arbitrary k£ € N

tk AN _
|4y = (A5 |y < (€(3) ) =t ™
With the substitution r = £, it follows for all £ > 0

1 o _
=AM ) < ey |7 Ol ) s

Ck

_ Tk oor k—a—1,—k ’I"_k r
_F(k_a)/o (rt) (1 +r)7"td

Ch % k—a-1 —k
-k a—1(q
I‘(k—a)ta/o r (I+r)~"dr

13



2.2. Stochastic Processes in Hilbert Spaces

Ck 1 kaafl 00 kaafl
= —d ——dr).
F(k—a)ta</0 L+ r)F T+/1 L+ r)F T)
As k> a >k —1, we obtain for all t > 0

C 1 oork—a—l
A\ At < k / k—a—1 /
Ay e i) < g ([ o [ )

C (1 1
k

< — ) = e,
~T'(k—a)t*\k —« + a) Cat

d) We estimate this term with the help of ¢), [54, Chapter 1, Theorem 2.4|, and [54, Chapter 2,
Theorem 6.13(b)]. For w € D((—A)*) and 0 < a < 1, it holds

leAtw — w| g = H /t A w dSHH = H /t(—A)laeAs(—A)o‘w ds "
0 0

t t
< /0 (=AY ey | (—A) ] g ds < C /0 @ (— A) ]| ds

= Cat®[(=A)%w|[g.

O

By means of the fractional power of the operator (—A), we define the solution spaces of SPDE
. Let (—A) be self-adjoint and positive with compact resolvent, then A generates an analytic
semigroup and there exists an orthonormal basis of H consisting of eigenfunctions {e;, i € N}
of (—A) with eigenvalues \;, i € N, such that inf;cy A; > 0 and lim;_, o, A; = 00, [65] p.66].
Following [65], we define the interpolation spaces H,, r € [0,00), as H, := D((—A)") C H with
norm ||z||g, = ||[(—=A)"z||g for all z € H,, r € [0,00). Let the inner product be defined as
(T, y)r = D ieN Mrxy; for @,y € Hy; then, the spaces (Hy, (")), r € [0,00), are separable
Hilbert spaces as well. Moreover, the relation Hy C H,, for p < s, p, s € [0, 00) holds.

2.2 Stochastic Processes in Hilbert Spaces

We turn our attention to the analysis of stochastic processes in Hilbert spaces now. We clarify
what we understand by (W3),c(o,71 and explain in what sense the integral version of (2.1 is to

be understood. The results and definitions in this section can be found in [I3] and [55].

The first step towards understanding a Hilbert space-valued Brownian motion is to define a

Gaussian measure on that Hilbert space.

Definition 2.5 (Gaussian Measure on Hilbert Space)
A probability measure p on (V,B(V)) is called Gaussian if for all v € V there ezist a € R and
o > 0 such that

p{u eV :(v,u)y € B}) = Noow(B) for all B € B(R).

14



2.2. Stochastic Processes in Hilbert Spaces

If w is Gaussian, there exist elements m € V and Q € L(V') such that

(m,u)y = /V<u,x>v,u(dx) Yu eV,

and
(Qu,v)y = / (w, 2 — m)y (v, — my p(dz) Vu,v € V.
Vv

The characteristic function of p is
(p(u) = / ei<u7x>v Iu/(dx) — ei<u7m>V_%<Qu7u>V
1%

forueV.

We call m the mean and @Q the covariance operator of u and denote the Gaussian measure p by

Non.o-
[13, p.46-48]

With this definition it is straightforward to define a Brownian motion which takes values in a
Hilbert space. Let @ € L(V) be symmetric and nonnegative; this follows from Definition if
@ is the covariance operator of a Gaussian measure, see [13], p.47,48]. Moreover, we restrict our

analysis to a class of operators () with finite trace, that is,
tr@ := Z(ng,gj>v < 00, (2.3)
JjEN

where {g;, j € N} is an arbitrary orthonormal basis of V.
Under these assumptions on @, there exists an orthonormal basis {é;, j € N} of V, consisting

of eigenvectors €;, j € N, of ) such that
Qej = n;é; (2.4)

for all j € N. Here, n;, j € N, denote the corresponding eigenvalues and it holds n; > 0 for all
j € Nand n; — 0 for j — co. This follows from the Hilbert-Schmidt Theorem, [57, Theorem
7.94], as the operator () is compact, see [0, Thereom VI.21]. We fix this basis of V.

With this notation, we directly obtain

trQ:Zr}j < 00.

JEN
Next, we define the stochastic process (Wy)ic(o,r) in SPDE (2.1]).

Definition 2.6 (Q-Wiener Process)
A V-valued stochastic process (Wt)te[O,T] on a probability space (2, F,P) is called a standard
Q-Wiener process if

o Wy=0 P-a.s.,

15



2.2. Stochastic Processes in Hilbert Spaces

e the paths t — Wi are P-a.s. continuous,

e the increments of (Wt)te[o,T] are independent, that is, the random variables
Wi Wy = Wepy oo o W, — Wy,

are independent for all 0 <t; < ... <ty <T, meN,

o the increments follow a Gaussian law
Wy — Wy ~ NO,(tfs)Q

forall0 <s<t<T.
[55, Definition 2.1.9]

We call (W;)icpo,r] @ Q-Wiener process with respect to (Fi)ejo,r) if Wi is Fi-measurable and
Wi — Wy is independent of Fs for all s,t € [0,¢], s < t, [55, Definition 2.1.12].

An important connection between a Q-Wiener process and real-valued Brownian motions is
illustrated in the following theorem; the Q-Wiener process can be represented by an infinite sum
of real-valued Brownian motions. As this connection is crucial in the numerical simulations later

on, we detail its proof here.

Theorem 2.4 (Representation by Real-valued Brownian Motions)
Let {é;, j € N} be an orthonormal basis of V' consisting of eigenvectors of Q with corresponding
eigenvalues 1;, j € N. Then a V-valued stochastic process (Wi)iejo,r) i a Q-Wiener process if
and only if

Wy =Y yuBle, telo,T), (2.5)

JEN

where (,Bg)tE[O,T], j € {n € N| n, > 0}, are independent real-valued Brownian motions on
a probability space (Q, F,P). The series even converges in L*(Q, F, P;C([0,T],V)), and thus
always has a P-a.s. continuous modification. In particular, for any Q) as above there exists a

Q-Wiener process on V.
[25, Proposition 2.1.10]

Proof. In the following we give, and detail, the proof from [55].
[44 i 13

Let (W3)iejo,r) be a Q-Wiener process; this process can be expressed as W; = Zj€N<Wt, €j)VE;
where (W4, €;)v ~ N(0,n;t) for all t € [0,T]. Now, define for j € N, t € [0, T

<Wt:é]‘>v .
Bi = { v i >0

0, else.

Then, we obtain W; = ZJEN \/njﬂgéj and 6,{ ~ N(0,t) for all j e N, ¢t € [0,T].
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2.2. Stochastic Processes in Hilbert Spaces

First, we show that for fixed ¢ € [0,7] the random variables (ﬁg )jen are all independent. As
Bg ~ N(0,t) for all j € N, we only have to prove that Bz and B are uncorrelated for all j,k € N,
j # k. This can easily be seen as

<Wt;ék>v<Wt’éj>V 1

[ﬁtﬁt] - \/W - GE <Qékaéj>v
_ VI
Nan

<6k7 6J>V =0

for j # k.
Now, we prove that (5§ )telo,7] 18 @ Brownian motion for any j € N. For this purpose, we define

a partition of [0,T] as 0 =tg < t1 < ... <ty <T, m € N. Since

<Wtk_Wtk_1véj>V
J _pl N ’
Btk Btkfl - !

0, else,

nj >0

the increments Bfk — ngfl and ,Bgl — /Bgifl are independent for i,k € {1,...,m}, i # k, j € N.
Furthermore, Qf — B~ N(0,t—s) forall j e Nand 0 < s < t.

It remains to show that a(ﬁtl ye e i:n) (,6’751 - ,ﬁt:l) are independent for any ji,...,jn €
N, n € N. This is proved by induction. For m = 1, it is obvious. Let us assume that the
statement holds for some m € N and let B;; € B(R), i € {1,...,n}, j € {1,...,m+1}.

It holds

n
P( m{ﬁg; € B, ..., f,; € Bim, Bth /Bg:n € Bierl})

= P((Y (48 € Bad N (5., — B € Binsa}).
i=1k=1

i=1

Since 0(Ws,s < t,,) and o(Wy, ., — Wy,,) are independent, (ﬁg)jeN are independent for fixed
t € [0,7], and by the induction hypothesis, we obtain

n
P( ({8 € Bu,.... 80 € Bin, B, — B € Bim—i—l})
i=1

[
g

.
IDE

s
Il
—
e
Il
—

{f: € Ba}) - (ﬂ{ﬁw € Bini})

n

|51 € Bud) TIP(18h = A0, € Bunia)

Il
==

= =
DS s

{8 € Ba}n{Bf:, - Bl € Binsa}).

I
g

i=1 k=1
This proves the mdependence ofa(ﬂt1 . ,ﬁjl )yoeeso( gl”, ol ]") forany j1,...,7n € Nyn e N
as a(ﬁtl, . tm ﬁth) = J(ﬁtl, e Btmﬂ — B ) for any j; € {j1,...,jn}-
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2.2. Stochastic Processes in Hilbert Spaces

“« o«
Let Wy = 3 en \/njﬂgéj, t € [0, T] be given; the series is obviously well defined in L?(Q, F, P; V).
We have to show that this process fulfills the properties in Definition [2.6, We only prove that the
increments Wy — Wy, 0 < s < t, are normally distributed with mean 0 and covariance Q(t — s),
as the other attributes follow directly from the series representation.

Fix some n € N; we know that (-7, mﬁgéj, vy =30 \/mﬁi (€;,v)y is normally distributed
for all v € V. The sequence converges in L?(Q, F, P; V) and with the help of the characteristic
function it can be easily shown that the limit is normally distributed as well. Furthermore, we
find E[(W;,v)v] =0 and

E[(Wy, u)yy (Wi, v)y] = lim E[(Zmﬁﬁ@,@ﬁ}jmﬁ{@,@&

n—oo
j=1 j=1
= nit(E wv (€, vy = > HQE;, uhv (é),v)v
jen jeN
= t<Qu>v>V

for all w,v € V, ¢t € [0,T].

It remains to show that the series converges in L2(Q, F, P; C([0,T],V)). For any n € N, it holds
by Doob’s maximal inequality, [13, Theorem 3.9],

e o |5 vl < el s (0] <030,

€[0,7]

Since @ is a trace class operator, Z;’il 7n; < oo follows. This proves that the series converges in
2@, F, P;C(0,T], V).
O

As for finite dimensional stochastic differential equations, equation is only a formal ex-
pression and is to be understood as an integral equation in fact. We refrain from deriving the
concept of stochastic integration in Hilbert spaces in depth, as this theory is well studied and
not the focus of this work, and simply give the definition of the stochastic integral. For de-
tails as well as the theory of integration with respect to a broader class of stochastic processes,

we refer to the comprehensive texts [I3] and [55], from which the following representation is taken.

Primarily, we introduce the space of Hilbert-Schmidt operators mapping from V' to H, denoted
as Lys(V, H). We call a bounded linear operator B : V — H Hilbert-Schmidt if

Bl = (S 1B51%) <

jeN

Note that this definition holds for any orthonormal basis of V and that the space of Hilbert-

18



2.2. Stochastic Processes in Hilbert Spaces

Schmidt operators (Lus(V, H), (") ,s(v,m)), With inner product given by (B, T)r, ¢ (v,m) =
> jen(Bé;, Téj)y for all B,T € Lyg(V, H), is a separable Hilbert space, [55, Appendix BJ.

By the assumptions on @), there exists a unique decomposition of Q) as Q) = Q% o Q% such that
Q% € L(V) is again symmetric and nonnegative, [55, Proposition 2.3.4]. In the following, it is
convenient to work with the Cameron-Martin space Vj defined by Vj := Q%V as the isometry
stated in equation below involves this space naturally. The inner product on V; is defined
as (u,v)y, = <Q7%u, Q7%v>v for u,v € V. Here, Qfé denotes the Pseudo inverse of ) and the

space (Vo, (-, )v;) is a Hilbert space, [55, Appendix C].

First, we state the definition of the stochastic integral for some elementary process (‘I’t)te[o,T]
which takes finitely many values Wq,...,V,,_1 € L(V,H) on 0 =ty < t; < ... < t;, = T such
that W, is Fp-measurable for all n € {0,...,m — 1} and ¥, = 37" WL, 4,4 (t) for some
m € N. The space of all these processes is denoted as £.

For these elementary processes, the stochastic integral, which is a square-integrable and contin-

uous martingale with respect to (F)iecpo,7], is defined as
t m—1
/ U dWe =Y Un(Wh, a0 — Wiant)
0

n=0

for any t € [0,T]. The following isometry holds

E[H/OT\IJSdWS

Next, we transfer the definition of the stochastic integral to a larger class of processes. Therefore,

we introduce the following notation. Let Qp = [0,T] x Q, Pr = dt® P, and define the o-Algebra

2 T 9
H] :E[/O (K[ ds] (2.6)

of all predictable processes Y : Q7 — R as
Pr:=oc({(s,t] x Fs|0< s <t <T,F, € F} U{{0} x Fo| Fy € Fo}).
Denote the completion of £ by NI?V(O, T; H); it can be shown that
N2(0,T; H) = {Y ' Qp — Ls(Vo, H)| Y is Pr — B(Lys(Vo, H))-measurable
and E[/OT HYSHiHS(VO,H) ds} < oo}. (2.7)

For processes (Y)sepo,r) € Nij (0, T; H), we can extend the definition of the stochastic integral
as there exist elementary processes (V%)sco,1] € {Tjw, : T € L(V, H)}, n € N, such that

s (o[ =920 ) =0
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2.3. Existence and Uniqueness of Mild Solutions

Finally, the stochastic integral can be extended to the class of processes
Nw(0,T;H) := {Y :Qp — Lys(Vo, H) | Y is Pr — B(Lus(Vo, H))-measurable

P( / IVl vy 4 < x)=1} (29

by a localization procedure.

Before we move on to the analysis of the solution to equation , we state some properties of
the stochastic integral that we need later on. The following estimates are essential to prove the
existence of a unique solution to SPDE as well as in the error analysis of the numerical

schemes in Chapter [3] and Chapter [4]

Theorem 2.5
For any process (Zs)seo,r) that is Pr-B(Lus(Vo, H))-measurable and every p > 0, there exists a

constant ¢, > 0 such that

o | [
se[o t]

SIS

<g¢ (E[/Ot HZTH%Hs(VovH) dr])

for every t € [0,T].
[13, Theorem 4.36]

Proof. The proof of this theorem employs It6’s formula and some basic martingale inequalities.
It is detailed in [I3] Section 4.6]. O

Theorem 2.6
For any process (Zs)sejo,r) that is Pr-B(Lus(Vo, H))-measurable and every p > 2, there exists a
constant ¢, > 0 such that

oo | [ #

ya
2

<Cp(/0t( [HZ HLHS Vo,H )])%dr>

for every t € [0,T7.

[13, Theorem 4.37]
Proof. The main idea of the proof is the same as in the proof of Theorem [2.5| For details, we
refer to [I3] Section 4.6] again. O
2.3 Existence and Uniqueness of Mild Solutions

With the theory presented in the previous sections, we can finally start to analyze the solvability
of SPDE ([2.1)). Throughout this section, let @ € L(V') be symmetric and nonnegative with finite
trace and denote by (Wy)iejo,r] @ @-Wiener process with respect to (Ft);cjo,7) taking values in

V. We employ the notation introduced above.
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2.3. Existence and Uniqueness of Mild Solutions

We prove that SPDE ([2.1)) possesses a unique solution. Therefore, we need to impose some
restrictions on the operators A, F, and B, of course, and most importantly specify what we

understand as a solution to this equation. We assume the following.

(A1) A: D(A) C H — H is closed, densely defined, and the infinitesimal generator of an
analytic semigroup S(t) = et € L(H), t € [0,T].

(A2) F: H — H is globally Lipschitz continuous.

(A3) B: H — Lys(Wy, H) is globally Lipschitz continuous, B(Hs) C Lgs(Vp, Hs), and
IBIIZ s v,y < C2(+ lyll3,), y € Hs, for 6 € [0,3), C > 0.

(A4) For v € [0,6 + 3), p € [2,00) the initial condition & : Q — H, is Fo-B(H,)-measurable
and E[Hg”%J < 00.

As for PDEs, there exist different notions of solutions. Based on [I3], we define the strong

solution.

Definition 2.7 (Strong Solution)
An H-valued predictable process (Xi)iepo,r) s called a strong solution of (2.1) if X; € D(A)

Pr-a.s.,

T
P( [ (1%l + [ AX. ) ds < s0) = 1
0
g 2
P IBIE v ds < 00) =1,
and if it holds, for all t € [0,T],
t t
X, = Xo +/ (AX, + F(X,))ds +/ B(X,)dW, P-a.s.
0 0

[13, Chapter 6,7/
Another concept is the weak solution, where (X;)ic[o, 7] does not need to take values in D(A).

Definition 2.8 (Weak Solution)
An H-valued predictable process (Xt)icjo,) s called a weak solution of (2.1) if

,
P( [ I¥as < o) = 1.
P( /0 B, v s < ) =1,
and for all t € [0,T] and ¢ € D(A*)
(Xt = Ko+ [ (A6 + (), ) ds+ [ (6B W Pras.
[13, Chapter 6,7]
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2.3. Existence and Uniqueness of Mild Solutions

Finally, we define the mild solution of SPDE ([2.1)). This is the solution concept that we work
with and the numerical schemes in Chapter [3] and Chapter [4] are developed to approximate this

process.

Definition 2.9 (Mild Solution)
An H-valued predictable process (Xt)iejo, s called a mild solution of (2.1)) if

p(/OT 1|12 ds < oo) =1

and if, for all t € [0,T1], it holds
t t
X = S(t)Xo —I—/ S(t—s)F(Xs)ds + / S(t — s)B(Xs)dWs  P-a.s.
0 0

[13, Chapter 7/

Obviously, any strong solution is also a weak solution. For further implications, we need to

impose restrictions on the integrability, see [47, Appendix G].

Assumptions (A1)—(A4) allow for a unique mild solution of (2.1)) as stated in the next theorem;
its proof is a combination of the proofs from [I3] and [34]. Moreover, some properties of the mild

solution are shown.

Theorem 2.7 (Existence and Uniqueness of Mild Solutions)

Assume that (Al)-(A4) are satisfied. Then, there exists a, up to modifications, unique mild
solution X : [0,T] x Q@ — H, of SPDE with Sup;e(o 1) E[HXtH%W] < 00, where p and 7y are
determined by (A4).

Furthermore, it holds

3=

(i) (Xt)tepo) has a continuous modification with respect to (E[|| - H%J) ,

(ii) for r €10,7), p € [2,00),

RS

sup (E[”Xh _Xt2H§{T]) < 0.

i _p 1
tl,tQG[O,T},tl 75752 |t2 — tl |mln(’y L 2)

|34, Theorem 1]

Proof.

The proof of the existence of a mild solution of equation is based on a fixed point theorem
for contractions. This is a standard technique also used to prove the existence of solutions for
other types of differential equations.

For r € [0,00), p > 2, let H, denote the vector space of equivalence classes of predictable
processes Y : [0,T] x  — H, such that

sup E[||Y;|[}; ] < oc.
t€[0,T]
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2.3. Existence and Uniqueness of Mild Solutions

Two stochastic processes X, Y : [0,T] x Q — H, lie in one equivalence class iff
P(X,=Y)) =1 Vtelo,T]

that is, if and only if they are modifications of each other.
Define

D =

Y], = sup (E[|Yil%,])
te[0,7

for all Y € H,, r € [0,00), then the space (H,,| - |7, ) is a Banach space for all € [0, 00), |13}
Chapter 7).

Next, we specify a mapping W : Hs — Hs for all t € [0,T] and (Yy)eo,7) € Hs as

(T(Y)), = eMe+ / t A F(Y,) ds + / t A B(Y,)dW, P-as. (2.9)

0 0

We show that ¥ : Hs — Hs is well defined and a contraction.

First, we set C'4 := supyejo 1) HeASHL(H) and compute for all ¢t € [0, 7

=

1
le“ellae, = sup (E[le™ellf 1)7 < sup e[l oem (E[lI€N1%, ])
te[0,7) te[0,1]

'U\*—‘

= Ca(B[l€llf,])?- (2.10)

With (A1) and (A4) as well as Proposition 3.7 (ii) in [I3], we get that e4’¢, ¢ € [0,T], is a

predictable stochastic process in H,.

By Kuratowski’s Theorem, see [37], it follows that Hs € B(H) and B(Hs) = B(H) N Hs which
shows that F|p, is B(Hs)-B(H )-measurable. We use assumption (A1) and (A2) to obtain

[H / ARV, ds| } <E[ / 1(=A) e Ly | F(Y5) 1 s
SE[ /0 Cylt—s)” ”\F<Ys>HHds] <Cy /0 (t=5)77 sup E[|F(Yy)|n] ds

u€[0,T]

T

)1

hSA

t
< C, sup E[1+[Yi]ln] / (t—s)7ds<C, sup (1+ E[HYsHZ[){(;]
s€[0,T7] 0 s€[0,T]
for all ¢ € [0,T]. This implies that the process fot eAt=9) F(Y,) ds, t € [0,T), is adapted and takes

values in H., for all (Y3)icpo,7] € Hs-

Analogously to the argumentation above, we obtain that Bs : Hs — Lys(Vp, Hs), defined as
Bs(y) = B(y) for y € Hs, is B(Hs)-B(Lus(Vo, Hs))-measurable. Then, we estimate the third
term with the help of assumption (A3) and It6’s isometry for all ¢ € [0, 7]

el ffeeon

t
]:/0 E[le* ) BT s (vo.a1)] ds
H,
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2.3. Existence and Uniqueness of Mild Solutions

t
S/0 H(_ Aol HL [HB(YS)H%HS(VO,H(S)] ds
t
<0 / (t — 520 DE[(1 + [Va]ln,)?] ds
0

t
<2C,5 sup (1+E[|Y]3,]) /0 (t — )26 ds

s€[0,7
T1+2(6—7)
<20, s sup (1+E[|Y:]%.])———.
K 556[0,T]( [H ||H5])1+2(5—7)

We obtain that fg eAt=3)B(Y;) dWs, t € [0,T], is an adapted and H,-valued stochastic process
for all (Y2)sejo,r) € Hs (see also Remark 1 in [34]).

Let r € [0,7]; now, we prove estimates which are also used to show (i) and (ii). In the following,
we employ assumption (A3), Corollary A.1 in [32], and estimates on the semigroup e, ¢ € [0, T7,
as stated in Theorem Let t,s € [0,T] with s < ¢, it holds

5 [H/ R [T R ] D
< [H/ A=W p(Y,) du D < [H/ —u) —6A(S_U))F(Yu)du‘
g/s(t—u) "(E[IIFYLI]) du+< [H/ —~ (S_U)F(Yu)du‘

< (= Ela+ ) o
AT A~ Dl [ B[P, ))

< /:(t—u)—Tzl—i(H EIYal])?) du
= [ — 2 T 1 BIVLIG))

)
W)

S

du

S =

)du

for all k € 0,1 —7), r € [0,7], and (Yy)eior] € Hs.

Further computations show

( [H/ Alt—w) du—/OSeA(S—u)F(Yu)du‘;]>;

<2 (1+ sup}(E[HYUH%D;)/:(t—u)_rdu

u€el0,T

+(t— s)”+7_T21_%C<1 + sup } (E [||Yu||€1] )%) /0 (s —u) " "du

u€l0,T

1 N ((t—s)'" wrgr 5"
<2 (14 sw (B[IYal))7) (1_7,“’5_3) " 1—’}’—%)

u€[0,T]

1 W (- T e
< 2! 1 E[||Y,|5 () Lt
<0273 (1+ s @I (T2 g ¢ - T )
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2.3. Existence and Uniqueness of Mild Solutions

for all s <t, s,t €[0,7], k €[0,1—+), and r € [0,7].

In total, we obtain

(]l [ ermroman= [feremroa], ]) %

1 1\ T
<0225 (1+ s B[V, [2])7 t — g)str—r 2.11
(1+ sup EIVIED?) T ¢ (2.11)

for all k € [0,1 —7), r € [0,9], s < ¢, 5,t € [0,T], and (Y3)icor] € Hs. This shows that

( IS eA(t_“)F(Yu)du) o is continuous; combining our results on the Bochner integral and
te

employing Proposition 3.7 in [I3], implies that ( fot At E(Y,) du) has a modification in
teo,
H’Y for all (Y;f)te[QT] € Hs.

Similarly, we estimate for all xk € [0,% +0—7), r€|0,v], 6 €0, %), s <t stel0,T], and
(Yi)eepo,r) € Hs
1
P
. D

(L[ moan. - [ wem
N
< (2- 1))é (( / (EL-AY A B, o)) du)

(1A D D (Bl BODI ) ) )
< ([ 1A o (BB, .0)) du)é
et =95 ([ O BB, g ]) )

t 1
<pO( [ 1Ay 5 eAI g (14 BVl ) du)

SAIN)

_|_pc(t_s)n+’y—'r(/(; (S—U)Q((S y— R)(1_|_E[HY || ])% U)E‘

Here, we used Theorem and assumption (A3) again.
Further, we obtain with Theorem [2.3| parts b) and c)

(e[ [ erommaaw, - [ ere-vpanf, ])

t 1

§p0<1+qupT] (E[llYuH%a])”)(/s I(=A) 212 gy dU>2
§2(6—7—r)+1 (1

14+2(0—~— H)>

1 K -
FpC(1t s (BN -

1 t ., 1
SPC(HUEE?T] (E[HYu\I%J)")(/S(03_5<t—u)2(5 )+ C?)du)
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2.3. Existence and Uniqueness of Mild Solutions

14+2(6—v—k)
2

+pC(1+ sup (B[IVLlE,])7 ) (¢ — sy

uel0.7] (14205 -y —r))2

I Y At e G N Al Gt A
< Cp(l+u2}é%] (E[IYult,]) >< (14200 — )3 (1520 - —r)3 >
p Y (T T ()
SCP(HUE%?T] (Bl ) >< (1426 — 7)) >
<Gy(1+ s (B[Ivalty,])?) maX(LT)); (6= sy + (1= 9)%)

w€(0,T]

This implies

([ Y)qu—/O A=W B(Y,)

max(1,T)

1))

1 : 1
1+ sup (Y. Z (t — s)min(str2) < o (2.12
( uE[OT Bl ) >(1+2(5—7))é )
forall k € (0,3 +6—7), r€[0,7],0€10,3), s<t, s,te0,T], and (Yo)iep,r) € Hs-

As for the Bochner integral, we obtain that < Joe LeAlt-u) B (Ya) qu>t [ has a modification in

H, C Hs. Combining the estimates above, shows that ¥ : H, — H, is well defined.

It remains to prove that ¥ is a contraction. Let (Ytl)te[()ﬂ, (YtQ)te[o,T] € Hs; in the following,
we use Corollary A.1 in [32], Theorem 4.37 in [13], and assumptions (A2), (A3). For ¢t € [0, 7],

we obtain
B, B(¥)%,])? |
< (B]| [ ererror - F(Yf))ds\ )
o (e[) [ oim s, ])
< [ @0 w0 - PO, ])% as
+0p ([ (BIEA A IBOD - BODI, 00m)) @)
< 03 [ (6= @Y~ V2R aso+ g ([ - @ 1 - ¥215]) P

t
<y / (t—s5)=° sup (B[|Y, - Y2|])7 ds
0 u€[0,T]

[S4S]
B =

'B\H

’%\N
CIJ
SN—
[NIES

N|=

+C;2775</0t(t—s)_25< sup (E[||Y;—Y3|y§,])i)2ds>

u€(0,T]

Tl —0 T1725 1 2up
_— E|||lY; -Y.
<C§ 3 +Crs 1= 25) 82[%%] (E[IY; 21%])
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2.3. Existence and Uniqueness of Mild Solutions

T1—5 T1-26
= S Y- Y2y
<Cal_5+cg,5 1_25>|| [En

This shows

1 9 T1-6 T1-26 ) )
() —w(y )\H5§05,5<1_5+ 1_25)”;/ 2y,

T1—5 T1-26

< 1 2

for all (Y;")teo17, (Yi)tep,r) € Hs. Therefore, the mapping ¥ is a contraction and allows for a
unique fixed point in Hg iff Cg,(; (%_; + %) < 1. If this condition is fulfilled, there exists

a predictable and unique (up to modifications) process (Y;").ejo,r) € Hs such that

t t
Y =ee + / APV ) ds + / A B(YF)dW, P-as., tel0,T)].

0 0
We partition the interval [0, 7] into subintervals [0, T*], [T, 27|, ..., [nT*,T],n € Ny, such that
T* fulfills Cgﬂ ( (Tl*zl(;_é + (TQ;;%) < 1, which completes the proof of the first statement.

Finally, the estimates (2.10]), (2.11)), (2.12)), and Proposition 3.7 in [13] show that there exists a
predictable modification X : Q7 — H, of Y.

Furthermore, it follows

i) From (2.10), (2.11), and (2.12), we get directly that (Y;);c(o,r) is continuous with respect
to (B[ 15,])".
ii) Let (Y;fl)te[o,T]a (Yf)te[O,T] € Hyg; for to > ty, t1,t0 € [O,T], (S [0,’}/), b€ [0, %), we obtain

by (Z11) and

3 =

1
(E[||§/t2 - Yt1 Hi]r] ) P
1—y
< (E[leto¢ — gl ])7 + €2

1
i B
(14 sup E[IVall])" s—(t2— 1)~
we[0,7] I—x

;  max(1,T
+Cp(1+ sup E[||Yu\|%5]) = 1
u€(0,7] (142(0—7))2

A

(t2 —t )min('y—r,%)

1

o - min(y—r,1
< (B e Iy A (A7) — D g €15, 1)+ Cosa otz — 1) 072
i 1
< CA,'y,T,T (ta —t1)" "+ Cp,T,(S,'y,r (ty — tl)mm('y_r,a)
< Cpiyy i (ta — 1) ™00 —73),
O

We proved that, given (A1l)-(A4), SPDE ({2.1) allows for a unique solution. In the next chapters

we aim at obtaining this solution.
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Efficient Approximation of
Commutative SPDESs

Explicit solutions to SPDE are, in general, not computable; it is only possible to obtain the
solution process for a few types of SPDEs analytically. In the following, we specify two examples
and present different approaches to solve these equations. We emphasize the difficulties that are
involved and highlight the features that allow for the computation of an explicit solution.

If the diffusion operator is of the form B(X;) = bX;, X; € H, t € [0,T], b € R, and we assume
V = R additionally, it is possible to obtain an analytical solution - as outlined in the following

example.

Example 3.1 (Scalar Brownian Motion)

For some T € (0,00), we compute the strong solution to
dX; = AX;dt +bX; dB;, te(0,T], beR, (3.1)
Xo(z) = \@icn sin(nmz), z€(0,1), ¢, €R, n €N,
=1
Xi(0) = Xt(ll) =0, te(0,T],

for some suitable sequence (cp)nen. Here, (Bt)iepo,r) denotes a scalar Brownian motion and

H =L?(0,1),R), V =R.
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If ¢, = #, n € N, for example, one can show that
> 2 2, b2
Xi(z) = \/520716_(” T in (nra) (3.2)
n=1

is a strong solution to (3.1)) for all t € [0,T], x € (0,1), see [13] or [21]. This can easily be
proved by It6’s formula, which is stated in [7].

Next, we examine an equation with additive noise and show that even for this simple equation,
we need to simulate the stochastic integrals involved in the solution process. A similar example
is illustrated in [9].

Example 3.2 (Additive Noise)
Let T € (0,00) and H =V = L%((0,1),R); in the following, we compute the mild solution to

dX, = (AX, + 1)dt +bdW;, beR, te (0,T], (3.3)
Xo(z) = \/5221 3 sin(nmz), =€ (0,1),
X:(0) =X (1) =0, te(0,7T].

Here, (Wi)iejo,1) 15 a Q-Wiener process, see Definition and the operator Q € L(V'), with

eigenvalues (Nn)nen, 18 assumed to have finite trace. This admits the representation

Wy =Y mBle;, telo,T],

jeN

see equation ([2.5)). Moreover, it holds —Ae,, = A\pe, with A, = n*7? and e,(z) = V/2sin(nnz)
foralln e N, z € (0,1).

We compute the coefficients a,(t), n € N, t € [0,T], such that
Xi(z) = V2 Z an(t) sin(nmx)
n=1

fulfills equation (3.3]).
Obviously, it holds a,(0) = 5 and

da,(t) = ( - n2ﬂ'2an(t) + (1, €n>H) dt + by, dpf, te (0,7,

for all n € N.

First, we compute the Fourier coefficients for all n € N

1
2v2
(1Len)g = \/5/ sin(nmx) dr = i]ln odd-
0 nm
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This yields the system ay,(0) = n—lg and

2v/2 .
dan(t) = ( — ', (t) + ——1, odd) dt + by/mndBr, te (0,7,

for all n € N.

For each n € N, t € [0,T], the solution can easily be obtained and reads as

1 2¢/2 t t
an(t) = —26_"2”% + —\[]ln odd/ e~ (t5) qg 4 b\/%/ e~ (t=9) sy
n nm 0 0
1 _ 22 2\@ 22 t 22 (4
— ﬁe nmwt + n37_‘_3]ln odd(]- —e t) + b\/%/o e ' (t—s) dﬁg

Then, we get the mild solution of (3.3)) for allt € [0,T] and x € (0,1) as

Xi(z) = Z (ﬁefn%zt + bﬂ/o e T (t=s) dﬂ?) V2sin(nrz)

n=1
> 2v/2 —(2n41)272 .

+ Z m(l — e~ (n+1) HV2sin((2n + 1)mz).
n=0

We need to simulate the integrals fot e~ (t=9) dp? for alln € N, t € [0, T], however, which can
be done as described in [31).
This example shows that even for additive equations, we are not guaranteed to obtain a closed

form solution.

In applications, the model at hand is generally not of such a simple form as in Example 3.1} That
is, the diffusion operator is nonlinear in general and the Q-Wiener process belongs to a Hilbert
space of infinite dimension such that no analytical solution can be computed. This justifies the

extensive research on numerical methods for stochastic partial differential equations.

Stochastic partial differential equations need a distinct numerical treatment. We cannot simply
employ the well studied methods developed to solve SODEs. Numerical methods for this class
of differential equations are mainly designed for a fixed number of random influences, K € N,
where K is often a factor in the error constant, see [38] or [59], for example. Therefore, they do,
in general, not converge when K goes to infinity in the approximation of the Q-Wiener process.
Moreover, even if for some N, K € N, we project the SPDE to a finite dimensional system of
SODEs in Hy and obtain an approximation of the @Q-Wiener process in Vi (these projections will
be described in the following), schemes for SODEs are not necessarily applicable. The projection
might distort properties of the original equation. One such example is the commutativity of the

SPDE which reads
B'(y) (B(y)u,v) = B'(y) (B(y)v,v)

for all u,v € Vy, y € Hg, and some 3 € [0, 1) specified below.
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Example 3.3 (Projected SPDE is not commutative)
Assume a SPDE of the form

dX; = Xtdt+zz (Xt,eiym (X, ez e dBl, ¢ € (0,7,
=1 j= 1

Xo =¢. (3.4)
In this notation, the diffusion operator reads as

Bly)u= Y (y,ei)u{y, ea)u(u, é)ve:
1,j€N

for all y € Hg, u € Vo. We choose the eigenvalues of @) as n; = j~4 for all j € N. Here,

{e;, 1 € N} and {€;, j € N} denote the orthonormal bases of H and V', respectively, introduced
in Chapter 3

In this setting, we have

o0

B'(y) (Bly)ow) = > (e allumss + (s e25)mlims )y, ex) s ear) (o, & v (s €5 hve
ik,jr=1

for all u,v € Vp, y € Hg.

The notation and the derivation of this expression can be found in
Section [3.06.

Then, the commutativity condition reads

3 (Lo + (92 €om) it ) (s e6) 1 0 20}
=12<y76i> (Y, €2m) (Y, €2n) 1
;i(y,ezmk o (€)1 ) (8 (9 €2
=;< ,€i) H (Y €2m) H (Y, €2n) 1

foralli € N, n,m e Jix, K € N, y € Hg.
Section [3.3 for a definition of the set Jk.
Now, we define the projection operator Py : H — Hy fory € H by

This shows that the equation is commutative. See

N
Pny = Z<y7 6n>H€n

n=1
for all N € N.

We set XtN = PyX; fort € [0,T], N € N, and approximate the Q-Wiener process by some
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3.1. Setting for SPDEs

projection Px, K € N, as well; then, we obtain

ax N PNa QXNdH;; (XN ey (X, eaj)me;dBl, € (0,7, (3.5)

XY = pPye.

This equation is not commutative anymore, that is, condition (1.3|) does not hold, if we project
the spaces such that Hy is identified by RN, Vic by R, for N, K € N with K > N, and choose
indices i,j € {1,..., K} such that 2i > N but 25 < N. In this case, we get

N
> e uly, €2j>H<<y, e2i) =1 + (y, €Z>H1r:2i) = (y,e1) (Y, e2j) n(y, e2i)m
r=1

whereas
N
> e nly, €2i>H<<y7 e2)mlr=1 + (v, 61>H]lr:2j> = 2(y, e)) (Y, e25) 1 (Y, €2i)
r=1

forallle{1,...,N} and y € Hp.

Examples [3.1] 3.2, and [3.3] m motivate the development of numerical schemes to approximate the
mild solution of SPDE (| in the following sections. First, we detail the framework that we
assume throughout this work. We specify the operators and conditions necessary to conduct the
analysis of convergence below. As described in the introduction, we develop numerical schemes
free of derivatives to approximate the mild solution of SPDE . We focus on this type of
solution in this work as for this process it is known how to construct higher order schemes by
means of Taylor approximations, [32], which form the base for the derivative-free methods. We
prove the convergence of the schemes and discuss their computational effort, which leads to
the notion of the effective order of convergence. This concept combines the theoretical order of
convergence with respect to the dimensions of the projection spaces and the time step size with
the computational cost necessary to compute one path with a specific method. We are concerned
about the effective order of convergence as this is the rate that actually determines the scheme
that is favorable with respect to the overall computational effort. The analytical findings are
then illustrated and confirmed in numerical simulations. In this chapter, we investigate SPDEs
that are commutative.

Approximation schemes for equations of type that do not fulfill this assumption are discussed
in Chapter [4

3.1 Setting for SPDESs

Throughout this chapter, let 7' € (0,00) and let (2, F, P) denote a probability space endowed
with a filtration (F;).cpo,r) fulfilling the usual conditions. Furthermore, let (H, (-, )y) and
(V,{-,-)v) denote separable real-valued Hilbert spaces. Assume @) € L(V') to be positive, sym-
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3.1. Setting for SPDEs

metric, and to have finite trace and denote by (Wt)te[O,T] a V-valued Q-Wiener process with
respect to (F)iepo, 7], see Definition According to Section there exists an orthonormal
basis of V' consisting of eigenfunctions €;, j € N, of Q). In the following, we consider this basis.

Our aim is to obtain an approximation of the mild solution (X¢)co,7) to

dX; = (AX, + F(X,)) dt + B(X,)dW;, te (0,T], (3.6)
Xo =¢.

We denote by A the generator of an analytic semigroup, call F' drift operator and B diffusion
operator. Let Z and J denote finite or countable sets such that n, # 0 for all £ € J. Then,

(Wit)iejo,m) can be represented as

Wy =Y éB  Pas. (3.7)
jeJ
for all ¢t € [0,7] with n;é; = Qé€;, j € J, see Theorem [2.4 The index set Z is specified in
condition (C1) below.
We assume that the operators fulfill the following conditions, where we follow the notation in

[35] to make our results easily comparable.

(C1) Let A: D(A) C H — H be the infinitesimal generator of an analytic semigroup S(t) =
et € L(H), t € [0,T]. Denote by e;, i € T, its eigenfunctions and by \; € (0,00), i € Z,

its eigenvalues such that inf;c7 A; > 0, —\;e; = Ae;, i € Z, and A can be written as
Ay = Z —\i{u, e;)e;
€L
for all u € D(A) with

D(A):={uec H: Y NPl u,e)n|* < oo}
i€

This implies the existence of an orthonormal basis {e;, i € Z} of H, as described in Section
or [65]. In the following, we work with this basis. Moreover, we define the interpolation spaces

H, = D((—A)") for some r € [0,00), see Section [2.1] for details.

Remark 3.1

In this setting, the analytic semigroup can be expressed as
ety = Z ey, ei) e
€L
forally € H and t € [0,T], [65, p.67]. Therefore, its implementation in a numerical scheme is

straightforward.

(C2) Let F': Hg — H be twice continuously Fréchet differentiable with sup,cp, ||F’(y)||%(H) <

oo and supyep, || F”(y) < oo for some § € [0,1).

17
L) (Hg,H)
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3.1. Setting for SPDEs

We introduce the Cameron-Martin space Vg = Q%V which we use in the following, more details
can be found in Section [2.2, Moreover, define L(V, H)o := {7y, |T € L(V, H)}, see [35]. Note
that L(V, H)o is a dense subset of Lys(Vy, H), |55, Lemma 2.3.7].

(C3) Assume B : Hg — L(V, H)o, 5 € [0, 1), to be twice continuously Fréchet differentiable with

supyep, [|B' (W) Lo, Lovimy) < 005 subyem, |1B" (W)l L@ (m,r0v,my) < 00. Moreover, B(Hs) C
L(V,Hs) and for all u € Hy, y,w € Hy,

1B(u)llLv,my) < C( A [lullm,),

1B (y)B(y) — B'(w)B(w) ) < Clly —wla,

| L)L (Vo,H

I(=A) " BW)Q™ I Lysvo,rry < CA+ llyllm,)

for some constant C' > 0 and parameters o € (0,00), 6,9 € (0, 3), v € [max(é, 8),5 + 3).

We denote L@ (H, L(V,H)) = L(H, L(H,L(V, H)) and L3%(Vo, H) = Lus(Vo, Lus(Vo, H))

here.

(C4) The initial condition § : Q@ — H., is Fo-B(H,)-measurable with EHKH%@] < 00.

Note that it holds supyep, |B' (W)L, Lys(vo. 1)) < VI Q supyep, |1 B' (W) Lia v,y < oo
Since Hg is a dense subset of H, the operator B: Hg — L(V, H)o can be continuously extended
to a globally Lipschitz continuous mapping B: H — L(V, H)g. For legibility, we do not distin-

guish between B and B in the following. For the operator F we proceed analogously.

As we show in the error analysis in Section the parameters «, 8, and v determine the maximal
order of convergence that can be obtained. This contrasts the results obtained for SODEs, where
the rate of convergence can be specified universally for each approximation scheme.

We want to give an idea on the influence of these parameters on the intensity of the assumptions
as well as the rate of convergence. For this purpose, we consider the setting underlying the
examples in Section [3.6

The parameter 0 is mainly determined by the operator A, more precisely its eigenvalues (\;);e7,
the operator B, and its behavior on the boundary. This can be seen in equation as well
as in [34]. Moreover, if we assume 7; < Cj~°Q for some C,pg > 0 and all j € 7, it follows
from and the examples in Section that the parameter o increases with decreasing
pg- That is, the faster the sequence of eigenvalues (7;)jes of @ converges to zero, the less
restrictive is assumption (C3). Furthermore, o depends on the operator B naturally. The pa-
rameter range for ¢ is determined by the connection of the eigenvalues (\;);ez of A and the
operator B, see . The faster the sequence (\;);ez increases, the smaller the parameter ¢
can be chosen. The value of 5 € [0, 1) is selected such that the Fréchet derivatives of B and F' are
bounded on Hag, that is, (C2) and (C3) hold. Finally, v is determined by the parameters ¢ and f3.

If not stated differently, this is the setting in which the numerical schemes are analyzed in this
work. Given (C1)—(C4), assumptions (A1)—(A4) in Section [2.3| hold with p = 4 such that there
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3.2. Effective Order of Convergence

exists a unique mild solution to SPDE (3.6) according to Theorem Moreover, the properties
(7) and (77) in Theorem hold.

3.2 Effective Order of Convergence

Before we develop approximation schemes for SPDE ({3.6]), we specify the error criterium we are
interested in. The concept that we introduce has also been considered in our article [46]. For
some fixed M, N, K € N, denote by (Y% 7N,K)m€{07m7 My the discrete approximation process of

NE are Fi, -B(H)-measurable random

(Xt)ie[o,) obtained by some numerical scheme. Here, YA
variables for all m € {0, ..., M}. We examine the strong convergence of the schemes in this work,

so we are concerned about

1
e (BI1X,, — YA 3]) (3.8)
for all M, N, K € N.
In the numerical analysis of SPDEs, we need to discretize the time interval and the infinite di-
mensional Hilbert space H (referred to as approximation with respect to the space domain) as
well as the infinite dimensional stochastic process driving the equation. Therefore, the approxi-
mation error is determined by diverse sources. In the following sections, we show that the
approximation of H by a spectral projection yields an error term depending on (\;);cz, whereas
the error resulting from the approximation of the @-Wiener process involves the eigenvalues
(nj)jes- We denote these terms by £(A, N) and £(n, K) for some N, K € N, respectively. Due
to the approximation in the temporal direction, we obtain some error term £(M) depending on
the step size h > 0 which, in turn, is determined by M € N. In total, we get an expression for
the strong error subject to the dimensions N and K of the projection spaces and the step size

in temporal direction as

1
o (B0, = YAVEIR)) < EOUN) £ K) + E00) (3.9)
We estimate this expression for the numerical schemes developed in the following sections. In
order to obtain an overall order of convergence, we have to balance the error terms according
to their respective convergence rates. We are, however, mainly interested in the relation of the
error and the computational cost necessary to simulate one sample path with a specific numerical
scheme, instead of considering the relation of the error to the dimensions of the approximation

spaces only.

The cost model that we consider is based on [74], see also [46]. We employ this model as it is more
objective than the comparison of computation time, which may depend on the implementation
of the algorithm. In the following, we assume that an arithmetic operation, like the evaluation
of the sine function, generates cost of one unit. The cost necessary to obtain information about,

for example, some element v € H by some functional ¢ : H — R is taken to be cost(yp) = ¢ for
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3.3. Derivation of Efficient Derivative-Free Milstein Scheme

some ¢ > 1. Therefore, the cost of arithmetic operations is negligible.

For some fixed N, K € N, we specify the finite dimensional subsets Zy, Jx withZy C Z, Jx C J
and |Zy| = N, |Jk| = K, which is the worst case in terms of computational cost necessary to
simulate one path. Moreover, we identify Hy by RY and Vi by R¥X. In the numerical schemes
that we describe in the following sections, there are mainly three terms that we need to evaluate.
Let y € Hg, u,v € Vi, N,K € N,

e We compute PnF(y) = > _;c7, (F(y), ei) mes; therefore, we need to obtain the functionals
(F(y), ei)n with cost((F(y),ei)n) = c for all i € Zy. This implies cost(PyF(y)) = O(N).

e Inorder to compute PnB(y)u = 3 ez, > je 7, (B(Y)E), ei) mu, €j)ve;, we need to evaluate
(B(y)éj,es)m for all i € Iy, j € Jx with cost(PyB(y)|vi) = ¢NK. Moreover, given
(B(y)éj,ei)m and (u,é;)y for all i € Iy, j € Jk, the computation of PyB(y)u requires
K multiplications and K — 1 summations for each ¢ € Zy. This yields cost(PyB(-)u) =
2NK — 1. In total, we obtain cost(PyB(y)u) = O(NK).

e For the Milstein scheme, we additionally compute

PyB'(y)(B = > D (BWler ) edn(By)uer) (v &)ve,

iwWwke€IN jJETK

that is, we need to evaluate (B'(y)(ex, €;),e;) g for all i,k € Iy, j € Jx with

cost(PNB'(y) (-, )| Hy.vie) = ¢N2K. The total cost necessary to compute Py B’ (y)(B(y)u)v
is cost(PyB'(y)(B(y)u)v) = O(N2K), which can be obtained similar as for Py B(y)u.

Combining these terms according to the specific scheme, gives the computational cost required

to simulate the solution process (Xt);c(o,r) at time T'. This is detailed in Section

Now, we derive the connection of the computational cost and the approximation error (3.8)) as
our goal is to minimize this term such that the computational cost (CC) does not exceed some

specified value ¢ > 0. That is, we have to solve the optimization problem

1
min ( sup B[ Xy, — YmMNKH%{D ® suchthat CC=¢
me{0,...,M}

for some ¢ > 0. As a result, we obtain the effective order of convergence, see also [62] for this
concept. We compute and compare this value in the following sections for the schemes that we

derive.

3.3 Derivation of Efficient Derivative-Free Milstein Scheme

We develop a numerical scheme to approximate the mild solution to SPDE (3.6 in a setting

where (C1)-(C4) hold and impose a commutativity condition additionally; this reads as

(C5) B'(y)(B(y)u,v) = B'(y)(B(y)v,u) for all y € Hg, u,v € Vp.

36



3.3. Derivation of Efficient Derivative-Free Milstein Scheme

As explained in the introduction, the goal of this section is to devise an approximation scheme
free of derivatives with reduced computational cost but theoretical rate of convergence as high
as for the Milstein scheme presented in [35], that is, the scheme obtains a higher effective order
of convergence. We call this scheme commutative derivative-free Milstein scheme (cDFM). Our
approach to deal with the problem of high dimensionality is not restricted to equations that are
pointwise multiplicative in the Q-Wiener process, which is the technique chosen in [35] and [71],
but is applicable to a more general type of equation. Equations which do not fulfill this assump-
tion involve an integral or derivative operator for the operator B, for example, see [43] 58, [64].

In the case of pointwise multiplicative operators B, the scheme by Jentzen and Réckner [35] and
the derivative-free version introduced by Gan and Wang in [71] are indeed very efficient, and the
cDFM obtains the same effective order of convergence, see Section [3.4] This is due to the fact,
that in this setting the evaluation of the Jacobian can be done with less computational cost and
therefore, the computational effort is of the same order of magnitude for all these schemes. It is,
however, not our aim to construct approximation schemes for this class and in a general setting
the effective order of convergence of the Milstein scheme in [35] can be improved. This issue is

illustrated in the introduction in detail.

The approach that we present is based on an idea to reduce the computational cost by a factor
depending on the dimensionality of the equation, originally designed for SODEs by Rokler, see
[60] 611, 62], for example. In the error analysis of these numerical schemes for SODEs, the number
of Brownian motions K € N is a factor in the constant, however. Therefore, we need to design a
scheme tailored to SPDEs and prove its convergence by different means. In the setting of SPDEs,
the idea is even more powerful as it increases the effective order of convergence.

The operator that we propose to approximate B’B is more flexible than the operator BB defined
in [71] as it does not have to fulfill assumptions and . Moreover, we do not have to
assume the relation B(y(z))v(x) = b(z,y(x)) - v(z) for all z € (0,1)4, y € Hp, v € Vo, d = 1,2,3
and the approximations BB(y, h)(-,-), h > 0, of the operators B'(y)B(y)(-,-) do not need to be
bilinear operators.

By a careful choice of the approximation operator, we maintain the theoretical order of the Mil-
stein scheme in [35] with respect to the spatial and time discretizations, whereas we reduce the
large number of function evaluations by one order of magnitude. The commutative derivative-

free Milstein scheme that we derive in the following is also described in our article [46].

In the numerical analysis of SPDEs, there are different spaces that need to be approximated.
We start with the infinite dimensional solution space H. Concerning the approximation of the
space domain, there exist various numerical schemes designed for PDEs which are of interest in
the approximation of SPDEs as well. We can make use of methods such as finite differences,
finite elements, or spectral Galerkin approximations, as in Example [3.3] which are employed in
[1, [35], 411, [49], (70, [78], for example. Here, we decide for a spectral Galerkin projection; this type
of approximation has also been chosen in [I], 24, [35], or [71], for instance.

Let Py denote a projection operator for some N € N and define a finite index set Zy C Z with
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3.3. Derivation of Efficient Derivative-Free Milstein Scheme

|Zn| = N. Then Py : H — Hy maps H to a finite dimensional subspace Hy := span(ey,...,en)
and is given by

Pyy = Z (y,ei)me; forally € H, N € N.
1€EIN

The approximation of the @-Wiener process is represented similarly. We define Jx C J with
|Jk| = K and the operator Pg : V — Vi for all K € N as

WtK = PrW; = Z (Wi, éj)ve; = Z \/777@6] P-a.s. (3.10)
JETK Jj€IK

We use the notation PyX; = X}, t € [0,T], and obtain a finite dimensional system of SODEs
in Hy for all N, K € N

dx}) = (PvAX) + PyF(X{Y))dt + PyB(X{)dW[, te (0,7,
XY = Pyé€.

Now, merely the temporal discretization is missing. For legibility, we consider an equidistant
partition of the time interval [0,7] as t,, = m-h, m € {0,..., M}, with time step h = % for
M € N. We define the increments of the @-Wiener process as follows

AWM (w) == Wi (W) = Wi (W) = Y VijABLwW)E

JE€EIK
with A, (w) = ﬁzmﬂ(w) - Bgm(w) foralwe Q, me{0,...,M -1}, j€ Jx, M, K € N.

Since we assume commutativity as stated in (C5) and by the expression for the finite dimensional

stochastic double integral (1.2]), we can split the iterated integrals as

eAll= / /B dWK) AWK (3.11)

— (Al=9) (%B/(XS)(B(XS)(Wt - wE), Wl -wk)) - t_?s > mB’(Xs)(B(Xs)éjaéj))
Jje€IK

P-as. for all s,t € [0,T], s < t, K € N. This expression can easily be simulated and a proof,
which mainly employs (L.2), can be found in [35].

Let us fix some arbitrary M, N, K € N. In this setting the Milstein scheme in [35], denoted as
MIL in this work, reads Yy """ = Py¢ and

VA =y (A (VR RN B A
1
+ fB’(Y#LV’K’M)(B(Yn]f’K’M)AW,ff’M, AWEM)

_ Z YNKM)(3(yNKM)€]7eJ)>)

]GJK

for all m € {0,1,...,M — 1}.
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3.4. Error Analysis and Computational Cost

Now, we carefully choose the approximation operator of B’B such that we obtain a scheme with
computational cost of optimal order. The cDFM reads YON’K’M = Py¢ and

yNIM — py <eAh (Y#}KM + hF (VMY gy MY AW KM
1

1
NKM | + N,K,M KM\ N,K,M KM
+ N (B (Ym +3 Vh Py B(YNEMY AW E ) B(Y )) AWK

+ > B(YmN’K’M,h,j)>> (3.12)

J€EITK

for all m € {0,1,..., M — 1}, where, in general, we choose

_ . h - . N
BYNEM o5y = B(Ynf;ﬂKvM _ 5\/777PNB(Y,,JZVW”)EJ-)\/177-ej — BYNEM) g

for all j € Jx, M,N,K € N, see also [46]. If B is pointwise multiplicative in the @-Wiener
process, we define the approximation operator differently; this operator is specified in equation

(3.21)) in the next section.

Remark 3.2

In [20], the authors showed that the exponential term e

t in the Milstein scheme can be approzi-
mated by (I — At)~1, t € [0, T], without a reduction in the theoretical order of convergence. The
same should hold true for the cDFM.

3.4 Error Analysis and Computational Cost

For the commutative derivative-free Milstein scheme in (3.12)), we obtain the following error
estimate, which is the same, apart from constants, as for the Milstein scheme in [35]. We
impose assumptions which differ only slightly from the conditions that are necessary to prove

the convergence of the Milstein scheme.

Theorem 3.1 (Convergence of cDFM)

Let assumptions (C1)-(C5) be fulfilled. Then, there exists a constant Cr g € (0,00), independent
of N, K, and M, such that for (Y,,]:I’K’M)OSmSM, defined by the commutative derivative-free
Milstein scheme in , it holds

(B[ 2 ])" < Cnal( g, 2) 7 (o ) s e 0)

for allm € {0,1,..., M} and all N, K, M € N. The parameter values are determined by (C1)-
(C4).

Proof. The proof of Theorem can be found in Section see also our article [46]. O

As we do not only want to compare our scheme to the Milstein scheme but to some type of

exponential Euler scheme (EES) as well, analyzed in [49] or in [32] in a slightly different form, we
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3.4. Error Analysis and Computational Cost

give a short proof of the error estimate adjusted to our setting and notation. Let M, N, K € N

be arbitrarily fixed; the exponential Euler scheme reads as YOEES = Py¢ and
YEES — py (eAhY,{fES + A1 (eAh — [YF(YEES) 4 AR B(Y EES) AWM ) (3.13)

for all m € {0,1,..., M — 1}. In this form, the scheme has been introduced in [49] with a finite

element discretization. We obtain the following estimate for this scheme.

Theorem 3.2 (Convergence of EES)

Let assumptions (C1)-(C4) be fulfilled. Then, there exists a constant Cp € (0,00), independent
of N, K, and M, such that for (Y,E®%)o<m<nr, defined by the exponential Euler scheme in (3.13)),
it holds

(Bl - 25]) < 0r(( g, ) (o, ) armdoo)

for allm € {0,1,..., M} and all N,M,K € N. The parameter values are determined by (C1)-
(C4).

Proof. For a proof, we refer to Section We present a proof tailored to our setting and employ
computations similar to those in the proof of convergence of the Milstein scheme in [35]. The
proof differs from the representation in [49] as we do employ a Galerkin approximation instead
of a finite element discretization in the numerical scheme. Moreover, in [49], the operators F' and
B are defined on H which yields a slightly differing result. The proof of the exponential Euler

scheme in [32] employs stochastic trees. We do not use this technique. O

Besides, we compare the cDFM to the linear implicit Euler scheme (LIE) in the numerical

simulations. This scheme reads as Y{"/¥ = Py¢ and
VAL = P (1= ) (VTS 4 REOKE) + BOEOAWEY)) )

for all m € {0,1,...,M — 1} and M, N, K € N, see [40]. Similar as for the EES, we obtain the
error estimate for this scheme, which attains the same order. This can be proved by combining
estimates from the proof of Theorem [3.2] with the error estimate for the linear implicit Euler

scheme in [78] adjusted to our setting.

Our goal is to determine the effective order of convergence for the schemes illustrated above.
Therefore, we need to compute their computational costs and combine them with their respective
theoretical order of convergence. The following results can also be found in [46].

Let us fix M, N, K € N; first, we consider the exponential Euler scheme as this is the base for
the analysis of the other schemes as well. In order to simulate one path with the EES, we need
to evaluate Py F(-) and PyB(-)|y, in each time step m € {0,...,M}. Moreover, we compute
PyBYY M|y, m € {0,..., M}, as described in Section We need K realizations of

standard normal random variables (rv) e ~ N(0,1) in each step, where we assume cost(e) = 1.
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3.4. Error Analysis and Computational Cost

In total, we obtain cost(EES) = O(MNK).

For the commutative derivative-free Milstein scheme, we have to compute the same terms. Ad-
ditionally, we need to compute the expression PNB(Y,,]:[ ’M’K,h, J)u for yME o g N, M €
{0,...,M}, j € Ik, u € Vg with

PxBYME b jyu =" (B R, )E, ) (u, é5)ves.
1€IN JETK

The computation of <B(Yn]¥’M’K, h,j)éj, ey for all i € I, j € Jk has cost of NK in each time
step. As described in Section , we obtain total costs of O(NK) for this term. Therefore, the
computational cost of the cDFM differs by a constant compared to the EES only, and it holds
cost(cDFM) = O(MNK).

For the Milstein scheme, the computational cost is higher by one order of magnitude in N. We
need to compute terms PyB' (YA M) (BN )u,v) for M € Hy, m € {0,..., M},
u,v € Vi along with the terms that have to be computed in the EES. This yields cost(MIL) =
O(MN?K) to simulate one path with the Milstein scheme.

The main differences between these schemes are summarized in the following table.

computational cost for evaluation of
Scheme | PyF(z) | PyB(x) | PyB'(z) | #of N(0,1) v
MIL N KN KN? K
LIE N KN — K
EES N KN — K
cDFM N 3KN — K

Table 3.1: Number of (nonlinear) function evaluations and random variables for each time step.

In Table [3.1], we observe that the cDFM obtains computational costs which are optimal in some
sense. The term PyB(y)u, y € Hy, u € Vi, which is included in all the numerical schemes that
we consider, yields costs of O(MNK). Therefore, we cannot reduce the computational effort

below this magnitude.

We solve the following optimization problem to determine the effective order of convergence

1

. 2 2 _
min sup (E[ X, — YMANE D such that CC=c¢
N.MK mefo,.., M} H " I

for some fixed ¢ > 0. To this end, we assume a relationship of the eigenvalues of A and @) with the
dimensions of the corresponding projection spaces. Precisely, we assume inf;cp\7, Ai = O(NP4)

and supje \ 7, 15 = O(K~Pe) for some pa,pg > 0. Therewith, we obtain an estimate of the
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3.4. Error Analysis and Computational Cost

error for some numerical scheme as

1
error(SCHEME(N, K, M)) =  sup (E[HXtm _ y771§/lNK||;D P < NTWPA L KmPQ 4 N4
me{0,...,M}

(3.15)

for some ¢ > 0, which is determined by the approximation scheme, and all N, M, K € N.

General Setting
Let ¢ > 0 be arbitrarily fixed. As described above, we have cost(EES) = O(MNK) for the

exponential Euler scheme. Therefore, we obtain an optimal choice of M, N, K as

aprQa YP A4 AYPAPQ
— = + + — = + + — = + ¥
N = O(C(apQ YPA)ItaYPAPLQ )7 K = O(C(aﬁQ YPA)ItHaYPAPQ )7 M = O(C(apQ YPA)ItaYPAPLQ )

These values balance the error term, which yields the effective order of convergence

avpPAPQY

error(EES(N, K, M)) = O (a’ @rg TP A rtaTrarg ) . (3.16)

For this scheme, it holds ¢ = ggps = min(2(y — ), 7, %), see Theorem
We optimize the error for the Milstein scheme in the same fashion. Here, the parameter ¢ equals

q = qumrr = min(2(y — 8),7), [35]. We obtain

@rQa v Aq 2P APQ
— =2apg+ + — =apg+ + _ =Qapg+ +
N = O(C( apg+rpa)g OWPAPQ)7 K = O<C< apg+rpa)g a’YPAPQ>, M = O(C( apg+vra)d 0¢’YPAPQ>7

and the optimal order as

avpAPQY

error(MIL(N, K, M)) = O (a‘ Gargireatairang ) . (3.17)

Finally, we investigate the effective order of convergence for the commutative derivative-free

Milstein scheme. On first sight, we obtain the same result as for the EES, that is

arPQa RIPX AYPAPQ
N = O(E(apQJrva)q-s-awAﬂQ >’ K = O(E(OPQ+’YPA)(1+O¢’YPAPQ >7 M = O<E(apQ+pr)q+mpApQ>
(3.18)
and
. aYPAPQY
error(cDEM(N, K, M)) = O (5 @rQ TP A+ 1P APq ) (3.19)

The parameter ¢, however, differs. As in the Milstein scheme, we have ¢ = ¢.ppar = min(2(y —
B),7), see Theorem 3.1

Next, we compare the effective orders of convergence for the different schemes. We consider the
reciprocal of the effective order of the cDFM as this term allows to clearly identify the dependence

on ¢
(apg +pa)a+ avpape _ apg +pa 1
QYpPAPQY QYPAPQ q
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3.4. Error Analysis and Computational Cost

The reciprocal decreases with increasing q. As qeprs < qcpru, the effective order of convergence
of the cDFM is, in general, higher than for the EES.

A comparison of the cDFM and the Milstein scheme clearly reveals a preference for the cDFM
as the order of convergence differs by a factor 2 in the denominator, whereas all parameters take

the same values. Thus, the optimal order of the cDFM is higher if a7, pg, pa,q > 0.

Pointwise Multiplicative Diffusion
If we restrict the operator B to be pointwise multiplicative in the Q-Wiener process, this is
the setting considered in [35] and [71], we get differing results. Let H = V = L2((0,1),R),
(F(y)(x) = f(z,y(x)), and (B(y)v)(z) = b(z,y(x)) - v(z) for all y € Hg, f € [0,1), v € Vp, and
z € (0,1) with b, f: [0,1] x R — R.
As mentioned before, the operator B(y, h,j) in the cDFM is chosen differently in this case.
Precisely, we compute YON’K’M = Py¢ and

VRN B (B M) b YR AW

1

to (b( YyIEM | %\/EPNb(-, YK MY AW,{va) — (-, Y,{ijvM)) AWM

+ > By M, h,j))) (3.20)

JEITK

for all m € {0,..., M — 1} with
_ h
B<Y7£LV7K7M7 h7j) - (b<7 Y77]X7K7M - EPNb(7 YrﬁLV7K7M>> - b(7YT£LV7K7M))77]éJQ (321)

for all j € Jx and M, N, K € N. We call this scheme the multiplicative version of the commu-
tative derivative-free Milstein scheme (cDFMM), see also [46]. The computational cost of the
multiplicative scheme is lower than for the cDFM as we only need to compute terms such as
Prb(-, YA M (1) here with cost(Pyb(-, A" (-)) = N in each time step m € {0,..., M}. The
same holds true for the other terms involved in this scheme. Moreover, we need to simulate K
independent standard normal distributed random variables in each time step. In total, we have
cost(cDFMM) = O(MN + MK).

We determine the effective order of convergence as above. Let ¢ > 0 be arbitrarily fixed; we
minimize the error such that O(MN + M K) = ¢. This yields a reasonable choice of

min(yp 4,0pQ)4q min(yp 4,2pQ)4q min(vp 4,apQ)

N = O(é’YPA(min(’YPA,DtPQ)+Q) )7 K = O(EQPQ(min(’YﬂA,aPQ>+lZ) >’ M = O(émin(’ypA,apQ)Jrq)

with ¢ = geprarm = min(2(y — 8),). For the effective order of convergence, we get

min(yp 4,0pQ)q

error(cDFMM(N, K, M)) = O (5_ MR A.apQ) T ) . (3.22)

The Milstein scheme in [35] and the Runge-Kutta type scheme in [71] obtain the same effective

order in this setting. The computational cost of the Milstein scheme is significantly reduced,
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3.4. Error Analysis and Computational Cost

compared to the general setting, as the evaluation of the Jacobian produces cost of N in each
time step only. Therefore, it efficiently approximates the solution process (X¢)icpo,7] in 7. The
Runge-Kutta type scheme in [71] does not involve this derivative, which may help to reduce
computation time even more.

For the EES, we obtain the same expression as well, but one has to keep in mind that the pa-
rameter ¢ = qprs = min(2(y — ), 7, %) differs. We do, however, not restrict our analysis to this

special case in the following.

Finite Dimensional Noise
We detail this exception here for completeness and since we illustrate one such example in Section
Let K € N be fixed and assume [{n; : j € J}| = K, that is, we choose Jx = J. Then,

there is no error from the approximation of the )-Wiener process and we analyze

error(SCHEME(N, M)) = sup (E[thm —yMN HED; <SNTWAL M (3.23)
me{0,...,M}
for all M, N € N.
We consider the commutative derivative-free Milstein scheme first and obtain computational
costs of cost(cDFM(N,M)) = O(MN). The minimization of error(cDFM(N, M)) such that
O(MNK) = ¢, for fixed ¢ > 0, yields an optimal choice of N = O(Eﬁ) and M = O(E%).

Then, the effective order of convergence for the cDFM is

error(cDFM(N, M)) = O(E_ VWPZAE‘I). (3.24)

As in the previous part, the Milstein scheme has computational costs of order cost(MIL(N, M)) =
_a _PA”
O(N2M). The optimization of error(MIL(N, M)) yields N = O(¢77a%21) and M = O(¢7a+24).

The effective order of convergence for the Milstein scheme is

__vpad
error(MIL(N, M)) = (’)(5 w+2q). (3.25)

In both these schemes, it holds ¢ = min(2(y — 3),7). Therefore, as in the general case, the
commutative derivative-free Milstein scheme obtains a higher effective order of convergence than

the Milstein scheme.

If the operators are pointwise multiplicative additionally, the multiplicative version of the cDFM
is employed. The computational cost for this scheme is Cost(cDFMM(N M))=O(MN +MK).
This yields a reasonable choice of N = (’)(c“/PAﬂ) and M = (’)(CWA+‘1). The effective order of

convergence results in

error(cDFMM(N, M)) = O(¢” Toata ). (3.26)

As in the last part the Milstein and the Runge-Kutta type scheme obtain the same effective
order of convergence for this particular case. Furthermore, observe that in this special case the
c¢DFM obtains the same order as the cDFMM as well. So, we can choose the cDFM instead.
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Again, for the EES, we get the same expressions as for the cDFM, but ¢grs = min(2(y—2),7, %)

For the linear implicit Euler scheme, we obtain the same results as for the exponential Euler

scheme in all cases as the computational cost as well as the theoretical order of convergence

agree, see page [A0]

The following table combines the results.

Effective Order
Scheme general pointwise multiplicative finite noise
MIL QAYPAPQIMIL min(ypa,xpQ)qmIL s YPAGMIL
Qape+ypa)amIL+ovpapq min(ypa,apQ)+amiL YPA+2qmiIL
LIE AYPAPQIEES min(ypa,apQ)qses YPAYEES
(apq+vpa)aeEs+oypapqg min(ypa,xpQ)+4EEs YPA+AEES
EES AYPAPQIEES min(ypa,apQ)4ses YPAYEES
(apg+vpa)aeEs+aypapqg min(ypa,xpQ)+4EEs Ypa+qEES
¢DFM or cDFMM 21P4PQIeDEM £ | min(ypa,2pQ)eenrm | YpageDEM
(apg+vpa)aepFm+avpapg min(ypa,apQ)+qepF M YpA+qeDFM

Table 3.2: Effective order of convergence for commutative SPDE - by % we indicate the scheme
that is superior for each setting, given that v, pa, o, pg,q > 0 and grrs < gepry. Moreover, it
holds gy = qepFm-

We compare the effective order for various numerical examples after we present the proofs of

convergence of the approximation schemes in the next section.

3.5 Proofs

Proof of Theorem [3.1]

Theorem (Convergence of cDFM)
Let assumptions (C1)-(C5) be fulfilled. Then, there exists a constant Cr g € (0,00), independent
of N, K, and M, such that for (Y,,]:I’K’M)OSmSM, defined by the commutative derivative-free
Milstein scheme in , it holds

(<10 3215 ) < O nt )+ (s )" )

forallm € {0,1,..., M} and N, K, M € N. The parameter values are determined by (C1)-(C4).

The proof of Theorem [3.1] builds on the proof of convergence in [35] - with an addition which ac-
counts for the approximation of the derivative, see also [46]. We do not incorporate the analysis
of the error which may result from the approximation of the coefficients in the spectral projection

Pny =73 ery(Ysen)men, N €N, y € H, here.

In the proof, we use some generic constant C' which may change from line to line.
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Proof of Theorem[3.1].
We adopt the representation

m—1 7 m—1 i1
X;,, =™ Xo + Z / eAltn=9) P(X,) ds + Z / eAtn =) B(X,) AW,
1=0 7t 1=0

set Yy, = Y,VME and WK .= WEM for all m € {0,...,M}, M,N,K € N, for legibility, and
define some auxiliary processes for all m € {0,..., M}, M,N,K € N as

m—1 m—1

_ tl+1 tH»l
X4, =Pn <€Ath0 + Z/ eAltm =t p(X, ) ds + Z/ eAltm=) B(X,,) AWK
1=0 1=0
[l Altm—t) 1ot 3 K K
+Z/ eAltm zB(th)(/ B(th)dWT)dW5>,
1=0 b
At B bety) T K
T, =Py o mxo+z/ 0 p(rids+ 3 [ At By ai
1=0
m—1 i1
+ Z/ e (tm—tz)B/ / B(Y)) dWK) dWK>
1=0 7t

m— tiy ti41
—Py <eAth0 + ) / Alm=t) p(Y;) ds + Z / Albn=t) B(Y;) AWK
1=0 “h

m—1
+Y ) (LB () (BOHAWS, AWE) — 1 3 mB’<Yl><B<Yl>éwéj>))'
=0

J€EITK

For all m € {0,..., M}, M, N € N, we estimate
in several parts

B[IXt,, = Y] <4(B[IXe, — PrXo, I%] + E[IPxXe,, — X, 3]

B[ X, — Yau ] + B[V, — Yaul[3]). (3.27)

The first term is the error that results from the projection of H to a finite dimensional subspace
Hpy, N € N. The second and third term arise due to the approximation of the solution process
with the Milstein scheme and the last one is the error that we obtain by approximating the
operator B’B. The estimates of the first three terms are not specific to our scheme and the ideas

originate from [35]. For completeness, we state the whole proof.

For all m € {1,...,M}, M,N, K € N, we want to prove the error from the Galerkin projection,

ot 5 < (5 [ (s o) o)
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N

Z/jm Altm=t) g'( X, )(/:B(Xt,)dwf)d
(]IS [ e o w ] )

gCT(M*mN <w—ﬁ>,w)+< sup nj)a>,

)

JEI\TK
C m—1
T
E[l|X:,, — thH <7 E[[|X,, - Yill3], (3.28)
=0
and
= 2 _
B[, — Yl]%, < CroM™
separately.

After estimating these expressions, we obtain

Cvo2 , At . ) —2min(2(y—B),7)
E[|IXe,, — Ynl3] SCT((ielzr{fINAz) +(j€s;\3Knj) M )
C
£ Oy E[| Xy, — Yil%] + CroM ™2

M
1=0

<Cr, ( ( iEiIIg:N )\i) - + (jGSIu\I%K 77j) 2 + M2 min@(%ﬁ)ﬁ))

for all m € {1,..., M}, M,N,K € N, by a discrete version of Gronwall’s Lemma.
Spectral Galerkin projection

The error resulting from the spectral Galerkin projection is estimated for all m € {0,..., M},

M,N €N as

B[ X, — Py X, %] = BT = P)Xe, 5] < BIIT = Pa)(=A) 17 | X |37,

= sup [[(I = Px)(=A) "yl LE[lI XI5, ]

yeH
lyllm=1
= Ssup H I PN Z)\ y,ek HekH [HXthH.Y]
yeH keT
lyllm=1
= su H Z Z)\ (Y, €k) Hek, €n) HER E[||Xtm\|12%].
”yﬁil n€\Iy keI
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Due to (C1)—(C4) and Theorem we further obtain

2
BIX, — i) = s |30 A nen e Bl
”yH 71 n€Z\In
<C swp Y APy e
yeH
Iyl =1 "ETNIN
. 727
§C< 1Ian Az) sup Z <y7€n>%{
i€I\IN vel o c\Iy
Iyl =1
SC('inf Ai> sup ||yl
1€I\IN yeH
Iyl =1

()

for all m € {0,..., M}, M, N € N. This proves the first part.

In the following, we use

2
1Pyllt = | 32 woennen|| = 3 1w el

neln neln

<Y Nyen)ul® = Iyl

nel

fory € H, N € N, several times.

Temporal discretization - Nonlinearity F

We prove the error resulting from the temporal discretization of the Bochner integral by partition-
ing the error into three components, which we again estimate separately. Let m € {1,..., M},
M € N, we show

(I [ e resa )

|

(E[Hmzl/“ﬂ Altm=s) (P(X,) — F(Xy,)) dSHZD%
w2, » %

+<Em§/t (00— et Fxi ] |

l

( [H/ G —eA“m—tm—l))F(XtmstHZD%

< CpM~ mm@(wfﬁ)ﬁ)_

We define X,; := Xy — Xy, for all s € [0,7], 1 € {0,...,M — 1}, M € N, for legibility. For

the first term, we obtain by the triangle inequality and the representation of the mild solution
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(Xt)iejor) for all m e {1,..., M}, M €N

L fm-s><F<Xs>—F<Xn>>dsHiM

(]IS [ - sgul])

+(E[Hi/t A(tms // “F(Xy, +uXe ) (X, sz)du’"dr)dSH Dl
) 1

/tltlﬁ eAltn=9) (X, ) ( /S AR (X,) d“) dsHif] >;

t

ti41 5 ? %
. < E[ ‘/ eA(th)F’(th)(/ eA(S*“)B(Xu)dWO dSH D
! b " ’
m— ti41 Lo \ Y X ] :
’ / €A(tm_8)(/ / 7F/,(th + UXS l)(XS ls XS l) durdr) dSH :|) .
ty 0 0 2 7 7 | "

Then, Holder’s inequality implies for all m € {1

LM}, MeN

:\#
T
i

Aen= 13, / AT B(X,) I,

17}

1
2 2
‘ ds})
H

1

T ~ 2 2
eA(tm—S)</ / F//(th+uXS7l)(XS—th,Xs—th)durdr)dsH ])

0 0 "

(E [H mz—:l ltz+1 Altn=9) (F(X,) — F(X,,)) ds)m )é

[N

<y (B [ 1l ) 0 ) g 5, ] )

Wt e e s
e (E[h/t HF(th)HL(H)H/t e uF(X“)d“HHdSD
1=0 ! l
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m—1 tir1 9 $
A(s—u
+C( hE[/tl HF/(th)HL(H)H/tl AT B(X,)
m— tiv1 1 T -
vo X (e[ [ [ vt
py t o Jo
1
li41 2
<C (h/ (s =) B[ Xy |17, ] ds)
1=0 b
1 tiv1 S 2 %
R (LU o)
1=0 i b "
m—1 tr41 s 2 %
co(Sun] [ [[eremmgam o)
1=0 b "

1
2 2
w ds})
H
1

2
s dur X, = Xy 05 )

t

tiy1 . 3
+C (h/ (s — tl)4mm(7_ﬂ’%) ds> .
1=0 t

Next, (C1)-(C4) and Itd’s isometry imply

(E [H g /:“ A=) (P(X,) — F(Xy,)) dsm >§

m—1 i1 %
< OMK™T+C S ( / (s - tl)2ds>
t
s b 502 2 2
. (o n [ B A B 1B 0] duds)
=0 l 1

-1
+ <h4 min('yfﬁ,%)+2>
l

3
N

I
o

MS

1tl+1 3 )
< CrhY + CMh? + < (s —t;)ds ) : + pmin(2(y=5)1)

(ST

< Crh" + Crh + C(MhS) CphinCO=~£)7)

forallme{1,...,M}, M € N.

The estimates of the second and third part follow easily by the triangle inequality, Holder’s
inequality, (C1)—(C4), and Theorem as well. Forallme {1,...,M}, M € N, we get

=0
m—2 t
25 <E[H/l“ (een= eA(tm—tz)>F(th)d8H2 ])2
1=0 b
= B A(t 2 -1 A(s—t :
<O (i [ A g A (1= A [ )
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m— m—2 m—1
3 1 1 1+ In(M)
= = - <
Z( 2h2> Chgm—1—1 Chlzlz—c M
Ml—7
<C——-——=Ch.
M(1—7)

In the last step, we employed some basic computations for m € {1,..., M}, M € N

m—1

212

=1

N‘)—l

M M q
+) S < / “ds =1+ In(M)
:2l S

and for all 7 € [0,1) and x > 1, we get

T T 1 r_1q r 1— r
1+1n($)=1+/ 8_1d8§1+/ ——ds=1+72 o _(d=r) 2t
1 1 s+ T r r r r

see [33]. Further, we obtain

) (e s, o)
: \/E</ E[H(‘“’A(tm_s) —eA(tm_tmfl))F(Xtm,l)Hiz} d8>é
tm—1

< Vi( " cols)é < Crh

tm—1
forallme{1,...,M}, M € N.
Temporal discretization with Milstein scheme - Diffusion B

For the estimation of the error resulting from the discretization of the stochastic integrals, we
compute for all m € {1,..., M}, MK € N

- [H mz /tHl (eA(tm_s)B(Xs) _ eA(tm_t’)B(th)> dWsK
t

m—1 tie1 s 9
— / eA(tm—tl)B/(th) ( B(th) dW,,K) d . :|
1=0 1t Z a

m—1 i1
=S| [ e ) - B aw
1=0 b
tiy1 s 2
_ Altm—1) g( X /BX dWE ]
€ T S
/ ([ B aws)aws|]
m ti41
[ e s
t

< Cr (M_QW + ( ~sup nj)2a>7 (3.29)
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where

m—1

S| [ et ) - o) avs

=0
tiy1 s 2
_ Altm—t1) ! K
/tl e B(th)</tl (Xy,) AW, )d H]
m—1 Lt
- E[H/ At (B(X)(X, - X
1=0 b

1 T
4= (/ B"(Xy, + u(Xs — X3,)) (Xs — Xp, Xo — Xy rdu) dr) AWK
2 0 0
ti41 s 2
_ A(tmftl) / K
/tl e B'(Xy,) ( / B(X,) dW! ) H]
ti41 s
<>/ E[Hef““m—“)B'(Xn)((Xs X - / B(X,) AW
t

t
t

] ds
Lys(Vo,H)

due to Itd’s isometry.

With Theorem and Theorem we obtain for all m € {1,..., M}, MK € N

m—1

ZE[H/ e (80X - B AW

=

_ /“H A=t B1(x,) /:B(th)dWTK 2]

/t;m [ A= B(X,,) (X, = Xi,) — </tlSB(th)dWK))HLHS(VO, )] ds
1

ti4+1
+ /t E |:H6A(tm—tl)Hi(H) 1Xs — X, Hjlq
=0/t

-1

3

IN
)
I

~

1 r
. /0 ( /0 1B (X, + ul(Xe = X))} 01,0 a0v0 du)rdr] ds
m—1

<C ; </;l+l EmeA(tmmB’(xtl)((Xs ~X,) - (/:B(th)deK))HiHS(Vo,H)] ds

1
h1+min(4’y,2)
e

1 + min(4y, 2))

Next, we plug in the expression for the mild solution, use (C3), and get for all m € {1,..., M},
M,K €N

m—1

> e| / Ant) (B(X,) ~ B(X,)) AWK

=0
t s
_/ +1 eA(tm—tl)B/(th)</ B(th)dWT[(>

t; 17}

A
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—_

m—

ti41 s
<C ( / E[HeA(tm_tl)B’(th)((eA(S_tl) ~ D)Xy, + / A= p(X,) du
=0 7t g

n / A B(X,) d(W, — WE) + / (e — 1 B(X,) dWE

t t

2

+/tl (B(Xu) = B(Xy,)) de)HLsto,H)

m—1 t t s
<cC </l+lE[H(eA(5_tl) - 1) Xy ds+/l+lE[H/ eA(S_“)F(Xu)dUHQ]ds
1=0 t t t H

tiyr T
+ / B
t L
tivr T
+ / B
t; L
tivyr T
+ / B
t L

:|ds+h1+min(4’y,2)>

S 2
A= B(X,) d(W,, — Wf)HH] ds

s 2
A(s—u) _ K
(e I)B(X,)dW,, H} ds

s

(B(Xu) = B(Xy,)) AW,

— T

2 d8+h1+min(4’y,2) )
H

The proof of
A e A P e

foralll € {0,...,M — 1}, M, K € N, can be found in the next part on page

With Theorem (C1)—(C4), by Holder’s inequality, and It6’s isometry, we obtain for all
me{l,.... M}, M|K e N

m—1

> 5| / A=) (B(X,) — B(X,)) AWK

=0
ti+1
- [

17} t

B(Xy,) AWK ) awk

2
L]
i1 — (LA(s—t) 2 2
L = A = D) B A7 ] s

t; s 2c
+/ H(s—t;)(/ E[[leAC F(X,)|%] du) ds+cTh( sup nj)

ti41 s
+ /t ( 7 = D BIA B, v, du) ds
l l
tit1 s |
+/; </ E[H (B(Xu) - B(th)) H%Hs(Vo,H)] du> ds + h1+m1n(4’y,2)>
1

17}

[ 6w eliayx ] as

tl+1 S 2c
+/ (s—tl)( CE[|F(X.)|%] du)ds+cTh( sup nj)
t t JEI\ITK
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[ 0P BB ] ) 0

t; t;
tl+1 s .
+ /t (/t E[l (B(Xu) = BXW)) I3, vmrn)] du) ds + humm(zn,z))
! 1
and
m—1 tit1
2_F [H [ A (Bx) - Bx) W
1=0 b
tiy1 s 2
_ / Altn—s) B/(th)( / B(th)dW,f() daw ‘ ]
7] t H
= 2941 2a 2642 i1 ’ in(2y,1
§CZ (h vt +h3+C’Th< sup 77j> + h*t —|—/ </ (u — t)™n )du>ds
=0 jej\jK t; t;
+ h1+min(4'y,2)>
= 2y+1 3 2642 2 min(2y,1)+2 14+min(47,2)
<O (BT R R Oph( sup wy) 4 PRI 4 "2))
=0 JEI\ITK
2a
SC’T(< sup 77j) —|—h27>,

JEI\IK

where we used 2 4+ min(27,1) > 1 4+ min(4v, 2).

The second term in (3.29) is estimated for all m € {1,..., M}, M, K € N, using the independence
of the increments of the )-Wiener process in time, the Itd isometry, Theorem and (C1)—(C4)

"

E[H /ml (eA(tm—s) B eA(tm—tl)>B(XS)dWSK
t

m—2 tig1
E [H 3 /t (d‘“m*s) - eA(tm’tl)>B(Xs) awk
—o Jt

m—2
=

;)

0

m—2 i1
< /t [[(—A) 7 (eAlm=s) — eAln—i)) Hi(H)E[H(_A)éB(XS)”%HS(VO,H)] ds
=0 7t
= [ 1-6_ A(tm—s)||2 -1 A(s—t)\ ||2
<C) | =4 [l (AT = e gy ds
=0 l
2m72 b1 2(6—1 2m72 20—1 20—1
< Ch / (tm — )20V ds = Ch Z((tm—tl+1) R (A *)
1=0 7t 1=0

_ Ch2((tm o tm,1)26_1 o (tm)25—1) < CTh25+1 < CThQV‘

Finally, we obtain by conditions (C1), (C3), Theorem[2.3] and Theorem[2.7|for all m € {1,..., M},
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M,K eN

Em /::1 (eA(tmfs) _ eA(tmftm_1)> B(X.)d 2]

tm
< C/t B HeA(tme)H%(H)H(—A)*zS(I_ eA(sftm—l))Hi(H)E[H(—A)fsB(XS)H%HS(VO,H)} ds

< Ch2§+1 < Ch?”y‘

Approximation of the Q-Wiener process
Next, we prove the error estimate resulting from the approximation of the Q-Wiener process and
employ
AW, =Wl = > ;e dp]
JEI\IK
for all s € [0,7], K € N.
Foralll € {0,...,M — 1}, M,K € N, s € [0,T], it holds

E [H /tl A= B(X,) d(Wy — Wf)HZF

_ m / (5= u)\/ﬁjdﬂﬂéj‘z]é
(X / e Bx)Q Q5 ] au)
o [ e[l mone sy o)’
s ) / [ZwHe IBOGQ ] )

1
2
sup  1nj /tE[HQA(S_U)B(X“)Q_QHiHs(Vo,H)] du) '
1

]EJ\JK

[NIES

By assumptions (C1), (C3), and Theorem [2.3 we get

B | et mosaom - w ]

. 2o [® N9, A(s—u) |12 N s —al|2
< ((j:}l@}(%) | =AY 12 B[l (- BRI s v du)

200 S 929 % 2c (tl — 3)_279""1 %
<(C( sup n; / (s —u)” du) = <C sup 1 >

l

NI

all s €[0,7],1€{0,...,.M -1}, M, K € N.
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Proof of (3.28))

Due to the expression for the iterated integral in (3.11), Holder’s inequality, and Itd’s isometry,
it holds for allm e {1,...,M}, M,N,K € N

B[l X, — Yi,Il%]

1=0 't
m—l .,
+ Z / eA(tnL tl) (B(th) — B(}/l)) dWSI(
1=0 7t
el R s 2
) / At (B(x,) ([ BOX) W) - B’(Y)(/ () aw) ) awk) | ]
£ y t t

1=0
m—1 .. A
+ /t E[He (tm—t1) (B(th) - B( )) ||LHS(VO: )} ds
1=0 7t
m—Ll e s
3 E[HB/(th)( / socan) =B [ sopans), )
1=0 Yt t g s (1040
m—1 m—1
< Crh S B[|IF(Xy) - F(Y, Chy " E[IB(Xy) = BODIT s vm)
P 1=0
m—1 , - i
| E[HBW( S [ BxE v as)
1=0 't jeTK 71
~ B'(v) / B(Y1)é;j/n; df] }ds'
<j€§;7:1( 4 v ) ‘LHS(V(L )

By assumptions (C1), (C2), (C3), and the properties of the independent Brownian motions
(ﬁg)te[o,T], j € Jk, we obtain for allm € {1,... M}, MK € N

m—1 m—1
E[| X, — Vi, ll3] < Crh Y E[IIXy, = YillH] + Ch Y E[IXy, — Vi3]
=0 =0

m—1

ro X [Me[|po( T sy - )

P Jje€ITK
-89 ( 3 Boae - #)|,

Lus(Vo,H ] ds
i s (Vo,H)

and

E[l|Xt,, — Ye,, 7]

m—1
< Crh ) B[ X, - Yi[#]
=0
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ey / B[l 3 v (B (Xu) (BXW)E) — B0 (BEDE)) (5 - B, . ] ds
1=0 “U v

JEIK
< Crh Y E[|X, — Yill%4]
i1 ' A
wo 3 [T wBlIB () (B - B0 (BODE) 1 JEL — 5)7]
l jeT

< Crh Y E[| Xy, — Yil|%]

+C /t 141 E[HB/(th) (B(Xy)) — B'(Y}) (B(Y1)) ||L(2) ) (Vh H)] (s —t;)ds

< Crh ) B[IX,, - YillE].

Approximation of the derivative
It remains to show that the approximation of the derivative does not distort the convergence

order. In the proof, we need the following lemma.

Lemma 3.1
Under assumptions (C1)-(C4), it holds for all p € [2,00), M,N,K € N, and some constant
Cp 1,0 > 0, independent of M, N, K,

S

sup }(E[uymnmﬁ < Cpro(1+ (B[l ])7).

me{0,...,M

Proof of Lemma 3.1

We prove this estimate iteratively. Therefore, assume that for fixed m € N it holds

(E[Ivil%,]) )

forall 1 € {0,...,m — 1}, p € [2,00).

Sl
Sl

< Cpra(1+ (E[lEN,])

By the triangle inequality, we get for all m € {1,..., M}, M, K € N, and p € [1, 00)

) |
W)

gc((E[HXOHP 1)7 + ( {H/tl“ Altm=t1) Py, )ds‘

tm — . %
+(E H/ Al =) B(Y) g, 4,,,(5)
to =0 )

+ 7:21 ( [H tm—mlh (B(vi+ ?PNBMAWIK) - B(Y)) AW |

SIS

)
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1\ 2
p P
By Hélder’s inequality and Theorem [2.6), we obtain for all p € [2,00) and m € {1,..., M},
M,K €N

el g s

=0 Jj€IK

RSAIN]

(E[lYmll,])

< C(E[IXo]5,]) 7 + c<mzl <

=0

tm m—l1 z
+C <E |:H Z eA(tm_tl)B(Y})]l[thtlH)(s)Hp Vo H(;)]) ds

to =0 Lyus

S =

[ el arerearm)]as) hlz>2

17}

ol o Eramnnt) - i) ]) )

=0

w&_l 2 (E[H<—A>5e/*<tm—mgm,h,m?{])‘l’)Q.

=0 jeTK
Now, we concentrate on

B, h.j) = (B(Yi ~ 5 PyB(YD) yies) — BOYD) iy

and use the following Taylor expansions for all [ € {0,..., M}, j € Jx, M, N, K € N
h
B(Yz + {PNB(YZ)AWlK>AWZK
Vh

= BY)AWE + B (¢(vi, AWF)) (3 PyBY)AWE, AW

h - .
B(Yi = 5 PyB(Y) V3¢5 ) /ije;

_ . h _ _
= BOD) Ve + B'(E000) ( — 5 PvBOD) i), Vs ). (3.30)
Precisely, we have
£V, AW = Vi + H*fPNB(YZ)AWlK

and

) h .
EY,5) =Y — 9§PNB(Y1)\/7TJ€J'

for some 0 € (0,1) and all l € {0,..., M}, j € T, M,K € N.

As £V, AW/) € Hy, £(Y1,5) € Hy for all [ € {0,...,M}, j € Jx, M,K,N € N, it holds
§(Y},AVVZK),§(Yl,j) € Hg for arbitrary [ € {0,..., M}, j € Jx, M,K,N € N.
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Due to (C1)—(C3), Theorem [2.3} and Theorem we get

SEIN)

EYnlt,)
+ MY ([ - 1) as) (EIPODIG))

= by

hSEIN]
kSEIN)

< C(B[|1Xol%,])

m—l/tl+1 B Hmz_leA(tm—tl)B(Yl)]l (s)Hp ;ds
t [tsti41) Lus(Vo,Hs)

~

Vh z
P
5 PvBY)AW/ ||AWF||%D

/ K p
B (¢(¥;, AWF)) .

1=0
m—1
- D e 3
oMy ( St — ) E[H - BRIy P BOD Ve HVU?@HI@D
=0 J€EIK ( ’ )
m—1
< C(B[IXoll%,))? + Corh ™5 3 (hltm — ) 7) 2 (14 (E[I¥il,))?)
=0
m—1 )
+CZ (E[HB(E)”IEHS(V()H&)DP/ H( A)_(SHi(H)H(_A)éeA(tm_tl)Hi(H) ds
l

+C
=0
m—1 1
FCM D (tn = 1) (32 R EIB DI 511370y | BOD 537, ]) 7
1=0 JE€IK
m—1
2 2
< CE[IXol, )+ 2Cor > (m =) (1 + (E[IVill,])7)
=0
m—1 5 2
+Cp > h(tm — )2 (14 (B[IVIlIE,])7)
=0
m—1 2
+ CpME™ 3™ (m — 1)~ (B[(1 + || Vi[5, AW 2] 7

=0
Gt S - l>25< > V(B[ ||m||%6>r\\/n7@j\|ﬂ);>2'
1=0

JEITK

forallme {1,...,M}, M,K,N € N, p € [2,00).

Similar as in [31], we obtain for § € (0,%) and all m € {1,..., M}, M € N

m—1 m M 1-2§ 1-26
1 1 M -1 M

— "2 — <1 / —dr=1 < .

(m=1) s =T T T Ty ST

=0

Therefore, we get for all m € {1,...,. M}, M € N, p € [2,00)

m—1

BN

(E[IYml7]) >

99

[

<C(B[IXo],])7 + 12 Crpq 3 (m— 172 (1 + (BIYilly,])

;

2
P

SEIN)

)

(3.31)
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hSEIN]

m—1
2 _ _
C(E[IXollf,])? + Crpq + 1> Crpq Y (m = 1) (E[IVill},]) 7.
=0
By the discrete Gronwall Lemma, we finally obtain for all m € {1,...,M}, M € N, p € [2,00)

(E[1Yal,])? < (CEIXol,])? +Crpg) cOrmaht™ Titg mon

2
<Crpq (1+ (E[I1Xoll},))7)
For the cDFMM scheme with
_ , h

foralll €{0,...,M}, j € Jx, M, N, K € N, the result follows analogously. O

With this at hand, we can prove the last estimate in (3.27) for all m € {1,...,M}, M, N, K € N

E[”Y;m YmHH}

tl+ tl+l
= E[HPN(eAthO + / eAltm=t) p(Y}) ds + Z/ eAlm=1) B(y;) dW K
t

17}

3

_ h _ .
+ (56 (tm tl)B ( l) (B(Yi)AW/ZK,AVVZK) _ §€A(tm 1) Z nJB,(YZ) (B(Yl)ej,ej) >)
=0 JEITK

ti41
| B aws

m—1 i1 m—1
(eAtho + / APV ds + Y
=0 =0

|
2

+ ; eA(tm—tz)\/lE(B(Yl + %\/HPNB(YDAVVZK> _ Bm))AWlK

- 5 Y Al By, h’j)) HZ] '

I=0 jeJk

We are left with

- E[HPN( A1) (L) (BOOAWS, AWE) — 2 57 0, B'(Y) (BY)ey. ) )
=0 J1€EITK
- N(mz_j1 eA“m-m\jE(B (¥i+ 5 VAP BODAWE ) — B(Y) ) AW)
=0
m—1
_ PN( > > 6A(tm—tz)B(y7 h,j)) H2 ]
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for all m € {1,..., M}, M,N, K € N. Again, we consider

B(Yi,h, ) = (B(Yi — & PyB(Y)52)) — BOW)) virjey

foralll € {0,...,M}, j € Jx, M, N, K € N first and use Taylor approximations similar to (3.30)).

For legibility, we define S; := ‘fPNB( V)AWK, S5 = %PNB(Yl)\/ﬁjéj for all I € {0,...,M},
Jj € Jx, M,N,K € N, and insert these expressions. This implies

E[[| Y, — Ymll%]

= E{HPN(%&(%”)<1B'<W(B<WAWzKaAVVzK) N B (B0VE.E)))
=0

2 2
JE€EITK

_ pN(mzleA tim—t;) (\}EB,(YD(\/QEPNB(E)AW/[K,AW/[K)

=0

}B"( €. AW (S Py Bn) AW, ey B AW ) W)
- PN( Z > ¢ tm_m<3' )( - gPNB(W)\/U?éjv x/???%)

=0 jeJK

+ 1B, j))(_ ﬁPNB(Y,)\/meJ,—hPNB ONT NG ))H ]

3 )V
<c((e [Hig Aent0 L pe(ri, awt) (s, sr)aw| ) )
ro((e [Hmzl 5~ et L vt i (5 5) i3] ) )

=0 jeJk

,_.

for all m € {1,...,M}, M,N,K € N.
Then, we obtain by assumptions (C1) and (C3) for all m € {1,..., M}, M, N, K € N

E[Hth - Ym”%—[]

< (Tni(E[HeA@m—th"(g(n,AWIK»(SbSl)AWlK”Z])é>2

m—1 1 ~ ~ 2 % 2
20X X (Bl gm e (Su.50) v ]) )
2.

=

! Vh 2
< <C Z 7 <E[HB”(§(Y7 AW/lK)”i@)(H,L(V,H))HTPNB(K)AVVZKHZZHAW}KH%/}) 2)

2

m—1 1
. h . - 3
+ (c (E[HB"@(Yl,mni@(H,L(V,H))H2PNB<mfnjejHilufnjer\%—})2) .
2
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With (C1)—(C4) again and the fact that @ is trace class, we get for allm € {1,..., M}, MK € N

m—1 m—1
Vi 15’ a
< (02 T (EUBODIE vy IAWE9))?) + (€ T EBIBOILwm,])
1=0 =0 jeJx

=

)

C 3 VAL BN EIAWEIE) )+ (€% % wafa+ et

(
( 0 1=0 jeTK
(
(

CZ:hQ(C(lJrE[HYzHHa )+ (03 (s vip) wQra+ B[l )’

—0 JE€IK

This proves the error estimate for the general case.
Now, let [ € {0,...,M}, j € Ik, M,N,K € N; for

BV h9) = (b(- i~ 2 Pab( YD) = b, V) s,

we use
h -9 h ~2
(s Yi = S PNBC, YD) 1y =b(-, Y@ 4+ 0/, 0) - (= SPwb( Vi) )y
h h
~p(. AN ) N . 52
"0 0) - (— aPab( 1) - (= R, YD) )
and the estimate
E[|IY,,, = Yul#] < Croh®
follows for all m € {0,..., M}, M € N, as above. O

Proof of Theorem [3.2l

Theorem (Convergence of EES)

Let assumptions (C1)-(C4) be fulfilled. Then, there exists a constant Cp € (0,00), independent
of N, K, and M, such that for (Y,E¥5)o<m<nr, defined by the exponential Euler scheme in (3.13)),
1t holds

(Bl 25]) < (g, ) () mdoe)

for allm € {0,1,..., M} and all N,M,K € N. The parameter values are determined by (C1)-
(C4).
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Proof of Theorem[3.3
We use the following notation throughout the proof
m—1 i1 m—1 i1
Xtm :eAthO + Z / eA(tm*S)F(Xs) ds + Z eA(tM7S)B(Xs) dWs,
1=0 Yt 1—0 YU
B ) m—1 ti1 N m—1 i1 M K«
X, =Py (e X+ ) / A= P(Xy, ) ds + > / A=t B(X, ) AW >
1=0 Yt =0 Yt
and
Y, = Y, IBS
A = [, EES = [0, EES K
= Py <e tm Xo + Z/ A=) p(v,PP9) ds + Z/ eAltm=t) B(y,FES) qiy/| >
1=0 “t =0 Yt

forallm e {1,...,M} and M, N, K € N.

In the following, we compute the error estimate in several parts according to

[ I

(B X, = Yl3])? = (B[ X, — P X, + PyXe, = Xey, + Xapy = Yl (3.32)

for all m € {0,1,..., M} and all N, M, K € N.

Throughout the proof we use some generic constant C' which may change in each step.
The first term accounts for the projection Py : H — Hpy, N € N, and can be estimated

independently of the numerical scheme. We obtain this estimate as in the proof of Theorem [3.1
on page [47] see also [35],

(B0, — X, 3])* < O nt A) (3.33)

for all m € {0,1,..., M} and all N, M € N.
The remaining terms arise due to the approximation in time and the approximation of the Q-

Wiener process.
Similar as in the proof of Theorem|[3.1]and [35], we show for all m € {1,..., M} and M, N, K € N,
_ 1
(E[lIlPvXe,, — X, lIH]) 2

- (E[HPN<§/tl+l (eA(t’”_S)(F(Xs) - F(th))) ds

t

m—1

tiy1
+ Pu( / (A= B(X,) — Mt B(x,,) ) aW )
1=0 1t
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3.5. Proofs

+PN("§/““ Al =9 B(X,) d(W, Wf))”2D2

—o YU

SC@[HW;_ /:l“ (At =P (x,) F(th)))dSHiI]>é
—o “t

< Cr (M_ min(3,7,2(y=8)) 4 ( sup nj)a) (3.34)
JEI\IK
and
~ CT m—1 )
E[[| X, — Ynl#] < i E[|| Xy, — Yill#]
=0
separately.

The estimate for the first term in (3.34) can be obtained analogously as in the proof of the
derivative free Milstein scheme, see page [48| or [35],

m—1 tig1 9 % .

(B[l S [ et ey - Py as[ ] ) < cxnrmmneini g
1=0

for all m e {1,..., M}, M € N.

Next, we analyze the second term in (3.34) in several steps. This yields

[H /tz+1 ( (tm—s)B(XS) _ eA(tm—tl)B(th)) d

< CE [H Z /tl+1 eAltn=5) (B(X,) — B(Xy,)) d

t

2]

m—2 i1
+CE [H S / (eAtn =) — A=) (X, ) d
1=0 "l

tm
i CE[H/ (eA(tm—s) _ eA(tm—th)) (X, )
_— ’nL

< Cp (M2 <j§7u\1?7,< nj)2a>

Z]

forallme{1,..., M}, M,K € N.
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For the first part, we obtain by Theorem (C1), (C3), and Jensen’s inequality

[H / A=) (B(X,) - B(X,,)

| [ e i) - s

[H /tlml eA(tms)(/O1 B (X4, +r(Xs — Xi,))(Xs —th)dr>

-1

E

=0

for all m € {1,...

ti41 1
< Z/ E[HeA(tm_S)/ B'(Xy, +(Xs — Xy))(Xs — X4,) drH
= 1 0

ij

A

i

Lps( VoyH)]

B2 min('y,%)—i—l < CThmin(Qw,l)

, M}, M,K € N.

The proof of the second and third part as well as the last term in (3.34)) are the same as for the
cDFM, see the estimates on pages [54] to [55]

Finally, we estimate the last term in (3.32)) by Holder’s inequality and It6’s isometry. We get

E[HXtm - YmH%{]

for all m € {1,...

i [HPN(WZ_I / e (F(Xy,) = F(Y7)) ds

=0
+7nzl/tl+1 eAltn=t) (B(X,,) — B(Y})) de)HZ]
=0
<2Mh2/tl+ HeA(tm ) (F(Xy,) — F(Yl))HH} ds

tiv1
19 Z /tl E[HeA(tm*ﬂ) (B(Xy,) — B(Y)) H2LH5(V0,H)] ds

=0
m—1 m—1

<Crh Y EB[|F(Xy) = FO)IF] + Ch Y~ E[IB(Xy) = BODIT 5 00,m))
=0 =0
m—1

<Crh > E[|X:, —Yil%] (3.36)
=0

,M}, M,N,K €N.
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Combining (3.33), (3.34), and (3.36), we get

E[IXt,, ~ Yal%] <Cr((_inf Ai)_2v+( sup nj)Qa+M—2min<%m2<v—ﬂ>>)

i€T\IN JeT\Ik

C m—1

T
+ M Z B[]l Xy, - YlH%{]
=0
-2 2c .
SCT(( inf )\i> ! + ( sup 77j> + M—me(é,%z(y_g)))
i€I\IN Jen\Tx

for all m € {0,..., M}, M,N,K € N by Gronwall’s Lemma. -

3.6 Numerical Analysis

In this section, we give some examples to illustrate and confirm the theoretical results derived
in the previous sections. We compare the commutative derivative-free Milstein scheme to the
linear implicit and exponential Euler scheme as well as the Milstein scheme in the following and
illustrate its superiority in a general setting. We begin with an example that allows for an exact
solution and show that all the schemes approximate this process with the expected orders of
convergence. Then, we present an example where the operator B is pointwise multiplicative in
the @-Wiener process. Furthermore, we investigate various equations in a more general setting

to compare the effective order of convergence of the cDFM with the benchmark schemes.

Explicit Solution
We begin with the equation introduced in Example That is, we solve

dX; = AX,dt + X, dp,, te (0, 1],
L.
Xo(z) = \/§Z - sin(nmz), z € (0,1),
neN
X (0) =X, (1) =0, te(0,1],

where (58t)ic[0,7] is a scalar Brownian motion and H = L?((0,1),R), V =R.

We need to identify the parameters introduced in (C1)—(C4) as these determine the order of
convergence. Since A = A, it holds e;(z) = v2sin(inz), 2 € (0,1), and \; = 3272 for all i € N.
Thus, we can read off ps as pa = 2. Moreover, we get § € (0,1) by [34] as b(z,y(z)) = y(z)
for all x € [0,1], y € H. We select the maximal value for § and obtain by Theorem that
GeDFM = qQMIL = 7 € [%, 1); from Theorem , we get qpps = % for the exponential Euler
scheme. We choose v = 1 — ¢ for some ¢ > 0 in the following. The parameters pg and o are not
relevant in this setting as there is no error due to an approximation of the ()-Wiener process.

Here, the diffusion operator B is pointwise multiplicative in the stochastic process. Therefore,
the multiplicative version of the cDFM is applicable and we expect the cDFMM and the Mil-

stein scheme to converge with the same order error(cDFMM) = error(MIL) = (’)(E_%+E), see
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3.6. Numerical Analysis

equation (3.26)). For this special case, the Runge-Kutta type scheme in [7I] is applicable and
is simulated here as well. The effective order of convergence is expected to be the same as for
the other two schemes. Moreover, we choose N = 2,22 ...,26 and M = N?. For the linear

implicit and the exponential Euler scheme, we expect a lower effective order of convergence of

error(LIE) = error(EES) = (’)(6_%+5) and set M = N4

We simulate 300 paths to determine the mean-square error. In the following Figure the
dashed and dotted lines represent the expected effective orders of convergence - these are attained

for all the schemes.

—=—MIL
—— cDFMM

10 '+ —=—RK 1

—=—EES
—<—LIE
---2/3
2/5

error
)

10 10 10° 10° 10 10
Computational cost

Figure 3.1: Error for N = 2,4,8,16,32,64 and 300 paths for multiplicative SPDE with exact
solution in log-log scale.

For the equations considered below, no explicit solutions exist to the best of our knowledge.
Therefore, we compare the numerical schemes with an approximation computed with small step
size h = %, M € N, and large N, K in the following.

Pointwise Multiplicative Operator

We consider an example that has been analyzed in [35] and [71]. Again, this equation involves
a diffusion operator that is pointwise multiplicative. In the following analysis, we show that the
cDFMM obtains the same order of convergence as the Milstein scheme and the derivative-free
version in [71].

For T' =1, we investigate the equation

1 1—-X;
dX; = | —=AXy+1 - Xy | dt + —— dW,, t € (0,T
t <100 t+ t> +1+Xt2 ty e(v ]7
on H =V = L?((0,1),R) with Xo(z) = 0 and X;(0) = X;(1) = 0 for all t € (0,1], = € (0,1).
As A is the Laplacian, we get \; = 15:7%2, e;(z) = V2sin(inz) for all z € (0,1), i € N.
Furthermore, we set 7; = j ~2 and ¢; = ej for all j € N. We do not analyze the equation at this

point and refer the reader to [35] for more details. The analysis in [35] yields § = %, a € (0, %),
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v e (%, %), and an expected error of

<E[/01 | X7 () _Y]\]}T7M’K(x)}2dx:|>é <c. N2

for r € (0,00). Here, M = N3 K = N are chosen for the linear implicit and exponential
Euler and M = N2, K = N for the other schemes according to Section As a substitute for
the exact solution, we use an approximation computed with an implicit version of the Milstein
scheme, introduced in [12], with Ny = Kx = 2% and My = 22!

As this equation is pointwise multiplicative in the QQ-Wiener process, the cDFMM is expected to
converge with the same order as the Milstein scheme and the Runge-Kutta type scheme by [71].
In this setting, both schemes are very efficient and the cDFMM does not attain an improved
effective order of convergence. All higher order schemes are expected to outperform the linear

implicit and exponential Euler schemes, however. This is confirmed in Figure [3:2

10 :
—e—MIL
——cDFMM
—F—RK
107} ——EES
—<—LIE
-1
B 3/8
2107
(0]
107}
4
10 : : : :
10° 10° 10* 10° 108 10"

Computational cost

Figure 3.2: Error of Milstein, Runge-Kutta type (RK), multiplicative commutative derivative-free
Milstein scheme, linear implicit Euler and exponential Euler scheme for N = 2,4, 8,16, 32, 64, 128
and 200 paths in log-log scale.

Numerical Analysis of Effective Order of Convergence

Let us now concentrate on equations that are not pointwise multiplicative in the @-Wiener
process, that is, we do not assume B(y(z))v = b(z,y(z)) - v(z), b: (0,1)? x R — R, y € Hg,
v e Vo, z € (0,1)% d=1,2,3. If, for example, the diffusion operator B is an integral or
derivative operator this condition is not fulfilled. For these SPDESs, the commutative derivative-
free Milstein scheme is superior in terms of the effective order of convergence. Here, we focus on
integral operators B to illustrate this advantage.

First, we introduce the notation and define the operators that we are concerned about in this
section. Let p;; : Hg — R, cbfj :Hg — Rforalli,k € Z, j € J and define

Bly)u=> Y iy (u.éve,

i€l jeJ
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B'(y) (B(y)v,u) = > Y Duij(y)(By)v)(u, é)ve;

€L jeJ

=Y 3> W (BW)ver)m(u, &)ves
i€T jeTJ kel
=D > W () (v, &)y (u, &) ves
i,ke€T jreJ

for y € Hg, u,v € Vy, where Dy;; : Hg — L(H,R) denotes the Fréchet derivative of p;; for
all i € J, j € J. Note, the functionals s, gbw, i,k € Z, j € J have to be chosen such that
B(y)u € H and B'(y) (B(y)v,u) € H for all y € Hg, u,v € 1.

Before we consider some sample SPDEs; we rewrite the numerical schemes such that they fit this
notation. Let us fix some N, M, K € N throughout this section and let m € {0,..., M —1}. For

the Milstein scheme, we get

N,M,K i
AR =y (A (V) 3D 5 (V) A
i€l jeTk

FET ST SN Y (G M) i AR, A

€L jeJk k€T reJk

AT S S w0 s ()

i€l jeJk kel
and for the commutative derivative-free Milstein scheme, we obtain

N,M,K
Ym—i—l

— Py (eAh (Y/J»MyK + RPN s (VMR AWE &) ve;

i€l jeJ
ZZ ( (YT)JX’M’K P (Zzukl YNMK AW )Vek)>
zeI jeTJ keZleg

iy <YNMK>)<Awﬁ e

I e ) R RND)
kel

i€l jeTK

— Py (eAh (YTQV’M’K + RPN i (VMK AR e

1€ jeTk
T3S (e (33 a0 )
zeI JEIK keTleJk
— Hij (YN M, K)) \/@Aﬁgnei
+>_ 2 </‘ij (erzV’M’K - gPN (\/TTJZ Mkj(Yév’M’K)ek)) i (YNMK))\/%&))
€L jeTk kel
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Finally, we get for the linear implicit Euler scheme

Vit ((1-1a) " (VEE RO - X0 S s (V) A e)

€L jETK

and the exponential Euler scheme reads

YEES = py (eAhYn’fES +Al (eAh - I)F(Y,EES J+em ST Y uij(YfEs)\/ﬁjAﬂglei).
€L jeTk

The Runge-Kutta type scheme by [71] is not applicable in this setting.

We fix the framework for the sample equations and choose Z = J = N. Let T = 1 and
=V = L*(0,1),R). Assume A = 2 with \; = 5:7%>, €;(z) = V2sin(irz) for all

€ (0,1), ¢ € N, and Dirichlet boundary Condltlons X:(0) = X¢(1) = 0 for all t € (0,7]. We
consider {e;, i € N} as orthonormal basis of H. Moreover, we set F(y) = 1 —y for y € Hpg
and Xo(z) = 0 for all z € (0,1). Let @ be a trace class operator and let (W;),c(o,r) denote a
Q-Wiener process in V. The eigenvalues of () are denoted by 7; and the corresponding eigen-
functions by é; for all j € N; we choose 1; = =3 and é; = e; for all j € N. We approximate the

mild solution to various SPDEs in the following and, if not stated differently, assume this setting.

It is easily verified that conditions (C1), (C2), and (C4) hold in this context, see also [35].

We have to confirm that assumptions (C3) and (C5) are fulfilled. Therefore, we transfer these
conditions to our framework and derive their dependence on the functionals p;;(y) and gi)fj (y)
fori,keZ, jeJ,yec Hg.

We start with (C3) and rewrite || B(y)|(v,z,) for y € Hs. We assume that p;5, i € Z, j € J and
§ € (0, 3) are chosen such that B(Hs) C L(V, Hs). For y € Hs, we obtain

1B sy = swp 1Bl = swp || 325wl eppve|,
v
llvflv=1 et €T jeT
= Ssup ZZM’L] U ej VE; o
||v7|e\/v=1 €T jed

= Sup Z)‘é ZZN@] U 6] Vezaek>H6k

VeV keZ i€l jeJ

lwllv=1
= Sup ZAkZMk] (v ) €5 VekH

ol kT €T

< s (D0 Ml @l évl) < 303 Al (w) (3.37)
sy keZjeT keZjed

Condition (C3) requires || B(y)||rv,a;) < C(1+]lyllms). This is analyzed for the specific examples

below.
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Moreover, we rewrite

|B'(2)B(2) ~ B'@)Bw)l}e) 1,
= N ViV (B'(2)(B(2)éx, &) — B (w)(B(w)éx, &) ||

kleJ
Z nkan Z ¢zl Z Z lu’]1]2 ek7éj2>vej17eT>Hei
kleTJ i,reL J1€L joeT
2
- Z o (w Z Z Hr o (W) (ks €5y )V €)1 €r) HE "
i,rel J1€T jo€T
= Z e Z (Qb;'nll (Z):umk(z) - qb:ll (w)ﬂmk(w)) (d):f (Z):umk(z) - ¢:12 (w)urzk(w))
k’,lE] i,Tl,TQGI
for w,z € H,.

Next, we examine the conditions on the derivatives of B. We denote the Fréchet derivative of

(;5 in direction of e, i, k,r € Z, j € J as ¢r . and obtain for all y € Hg, z,w € H

HB/(y)HL(H,L(V,H)) SUP HB/(y)wHL(V,H) = sup HB/(Q)(U%U)HH
weH,veV
HwHH 1 lwllz=1,[lv]ly=1
= sup H gzb (w,exyg(v,€;)ve;
weH eV Z Z W i J> albs

lwllg=1v]y=1 “FELIET

< s (X S Ihwliw el év)

weHveV
lwllg=1.oy=1 “FeTIeT

<> ekl (3.38)

i,keL jeT

and for the second derivative, we get

HB”(ZJ)HL<2>(H,L(V,H)) = SUP HB (y )ZHL(H,L(V,H)) = SHEPH HB//(?J)(ZJU)HL(\/,H)
R
HZIIH 1 |2l =llwllz=1
= su H (z,er) g (w, er)g(v,é;)ve;
P weHaey 2 2 %yly) #(w, e v, Epves H

i, €T jeT
Izl g=lwlla=llv]y=1 """"7

< s (X S8z edullw, el &)v)

z,weHvEV irleT jeT
Izl z=lwllz=[v]ly=1 """

Z Z |¢z]r (339)

i, le€L jET

The last condition in (C3) reads

1
I~ BEQ s = (3 1= BEQ™ e %)’
keJ
1
n | AT (BG)e e[ )
=(Xn Hg; weome
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1
2)5
H

(i

> A pan(2)e

keJ 1€
1
= (XA e)’ (3.40)
keJ 1€

for z € H,.

We need assumption (C5) to rewrite the iterated stochastic integral as in equation (3.11)). There-

fore, condition (C5) reads

kel kel

for all y € Hg, i € Z, m,n € Ji, K € N in this framework.
Now, we analyze some specific examples and investigate the effective order of convergence nu-

merically. We prove (C3) and (C5) based on the preparatory work for each equation.

Example 1 - Linear Equation

Let oo : Hg — R be given by ;i (y) = %?4 ; we obtain <z5 (y) .
=1

0, ki
{ 7 orallikeT,

jeJ,y€ Hp.

Before we investigate the results of the numerical simulations, we show step by step that (C3) is
fulfilled. By (3.37)), we get for y € Hp

COMRINE %) SUAUIE B e B

kel jeJ keZ jeJ
§
<OV Y o 2\\ A a1yl
kel jeJ

We obtain || B(y)||rwv,m,) < C(1+ [[yllas) for all y € Hs and § € (0, 1) due to Theorem
For

IB'(2)B(2) = B'w)Bw) e

=D Y (G @pnw(z) = O (W k() (D5 () s (2) — B3 ()t (w))

kleg t,r1,m2€T

we compute

/ / <Z76T1>H <w787’1>H 2

i,r1E

_ Z 11 1 <<Z,€Z‘>H <w,ei)H>2
- 1.3 73 4 4\2 \ ;4 4 4 4
Mejkl iEI(Z +I)2 N\t +k it +k
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B 11 1 (z —w,ei)n?
_ZﬁﬁZ(z“Url‘l)?( it + k4 )

k,leT zEI
1 2
<C Z 78”2 —wl
klEJ ’LGI

for v,w € H,.

Next, we consider the Fréchet derivatives of B. It holds,

IB" (W) L(a,Lev,my) < ZZ 4+J a1 Llk= ZSZZ 22

kel jeJ 1€ jEJ
that is,
I B" W)l (o, Lv, i)y < 00

for all y € Hg.
As ¢7,Jk( )=0forallik,re€Z,jeJ,and y € Hg, it follows

sup HB”(y)HL(Q)(H,L(V,H)) < o0.
yEHg

Finally, we determine « and 1 such that

I(=A)""B)Q ILysvo,m < CA+ |zlm,)

is fulfilled for z € Hy

[V

keJ €L

I(=A) " BEQ  nysom = (3o m 2 YA uk(2))
(X

k3(1 2cr) 'eZ z (i4+k4)2

1 1 \3
< Z E3(1—2a)+4 Z i4+419> HZHHW
keJg €L

IN
Q

We find
1(=A)""B(2)Q (|5 (vo,mry < C(L+ |12l
for € (0,1), ¥ € (0,3), and all z € H,.
The parameters in assumption (C3) are therefore given by: 6,9 € (0,3), a € (0,1). We choose

the maximal value for § and 8 = 0, which implies v € [%, 1) and g.prar = . Then, we select

gepryv =7y = a = 1 — € for some arbitrary € > 0.
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3.6. Numerical Analysis

It remains to verify (C5). We get

> ok Wn(y) = 1 o lewn 1 (yen

. k=i - .
it +m4 kA4t A4 md 4 4ond

kel kel
1 (v, ex)m L
- Z it + n4]1k:i k4 +mA = Z Gin (Y) e (y)
kel el

forallieZ, n,me Jx, K €N, yc Hg.

The remaining parameters in the error estimate are pg = 3 and p4 = 2; this yields K = N 5
and M = N? for the cDFM and the Milstein scheme according to . In the exponential
and linear implicit Euler scheme, we need to take M = N, however. Then we compute the
effective order of convergence as error(MIL(N, K, M)) = (9(6_%+5) and error(LIE(N, K, M)) =

error(EES(N, K, M)) = O (E_%+€> , whereas for the commutative derivative-free Milstein scheme,

we obtain error(cDFM(N, K, M)) = (’)(E_%"'E) for some € > 0.

The following logarithmic plot of the error for N = 2,22, ...,2% and 700 paths confirms the theo-
retical results in Section In order to compute the error, we compare the simulation results to
an approximation obtained with the linear implicit Euler scheme with Nx = 26, Ky = 2%, and
My = 2% as no explicit solution is available. As suggested by the analysis in Section we ob-

serve a higher effective order of convergence for the cDFM than for the Milstein or Euler schemes.

Milstein cDFM

N M CC Error Std CcC Error Std

2 4 24+3 3.0-1072 1.5-1073 || 3.23¥3 | 3.0-1072 1.5-1073
4 24 28+3 2.5-102 3.0-1074 || 3-26t5 | 2.5.1072 3.0-104
8 26 214 1.7-1072 6.0-107° || 3-210 1.7-1072 6.0-107°
16 28 216+5 6.3-1073 1.1-1075 || 3-212¥3 | 6.3.1073 1.1-107°
32 210 || 220+ | 16.1073 2.0-1076 || 3-215+% | 1.6.1073 2.0-1076

Linear Implicit Euler Exponential Euler

N M CC Error Std CcC Error Std

2 24 25+3 2.2-102 4.0-1073 || 25+3 2.3-102 4.0-1073
4 28 210+3 2.7-102 6.5-104 || 210+3 2.7-102 6.5-104
8 212 217 1.7-1072 1.2-107% || 27 1.7-1072 1.1-1074
16 216 || 220+5 6.1-1073 2.3.1075 || 220+5 6.1-103 2.3-107°
32 | 220 || 225+% | 15.1073 3.9-1076 || 225+% | 1.5.1073 3.9-10°6

Table 3.3: Error and standard deviation for 700 paths for Example 1, computed with batches
of size 50 (|38, p.312|). CC denotes the computational cost needed to evaluate the term that
dominates the computational effort according to Table for all time steps M.
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Figure 3.3: Error against computational cost for Example 1 for 700 paths and N = 2,4, 8,16, 32
in log-log scale.

Example 2 - Differing Bases

In contrast to the standard setting, we choose &é; = v/2cos(jrx), 7 € J, = € (0,1), here.
This example shows that we can choose different basis functions for H and V. Let p;j(y) =
QZpez Zy;;?p forallieZ, je€ J, yec Hg. Thlsyleldsqb (y) = foralli,keZ, jeJ,
and y € Hp.

j 13+k4

As in the previous example, we need to check that (C3) and (C5) are fulfilled. We do not detail
these computations here as they can be conducted analogously to the above. We simply state
the ranges for the parameters, which are § € (0,%), ¥ € (0, 3), @ € (0,1). We select the maximal

value for §. For 8 = 0, this implies v € [ ) and, for the cDFM, we get g.prar = . Then, the

44

optimal parameter choice is g.pryr = v = % —e¢and a =1 — ¢ for some € > 0.

We verify the commutativity condition, however,

1 1 y,ep
> W)tk :Zm223—|—k4n2 < 13 4 pt =D G0ty

kel kel kel

forallieZ, n,m e Jk,y € Hg, K € N.

For this parameter setting, we derive the following relation between N, M, K from Section
= VN , M = N 2 for the Milstein and commutative derivative-free Milstein scheme and

K = /N, M = N3 for the linear implicit and the exponential Euler. The exact solution is

replaced by an approximation obtained with the linear implicit Euler scheme for Ny = 27,

Kx =+/Nx, and Mx = 2'® as no explicit solution is available.

First, we compute the effective order of convergence of the cDFM as error(cDFM(N, K, M)) =

(’)(E_%’La). This rate is higher than for the other numerical schemes, which all achieve the same

rate error(MIL(N, K, M)) = error(LIE(N, K, M)) = error(EES(N, K, M)) = (’)(E_%ﬁ). Again,

the expected difference in the effective order of convergence is confirmed by the following table

and plot.
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Milstein cDFM

N M CC Error Std CcC Error Std

2 4 24+3 3.2.1072 3.0-1073 || 3-2%t2 | 3.2.1072 3.0-1073
4 24 29 2.5-1072 5.0-107% || 3-27 2.5-1072 5.0-1074
8 26 212+3 1.7-1072 6.2-1075 || 3-29%3 | 1.7-1072 6.2-1075
16 28 218 6.6-1073 2.0-107° || 3-214 6.6-1073 2.0-107°
32 210 || 220+5 2.0-1073 7.0-1076 || 3.215+3 | 2.0.1073 7.0-107°
64 212 || 927 4.6-1074 5.4-1076 | 3.221 4.6-104 5.4-1076

Linear Implicit Euler Exponential Euler

N M CC Error Std CcC Error Std

2 23 24+3 2.4-102 4.6-1073 || 24+2 2.4-102 4.7-1073
4 26 29 2.7-1072 6.2-1074 || 29 2.7-1072 6.7-1074
8 29 212+3 1.7-1072 1.6-107% || 212+2 1.7-1072 1.8-1074
16 212 || 218 6.5-1073 5.3-107° || 2'8 6.7-103 5.9-107°
32 | 215 || 22043 1.9-1073 7.9-106 || 220+3 2.0-1073 9.6-10~¢
64 218 || 227 4.3-1074 451076 || 227 481074 581076

Table 3.4: Error and standard deviation for Example 2 obtained from 500 paths. CC denotes
the computational cost needed to evaluate the term that dominates the computational effort
according to Table [3.1] for all time steps M.

R —o—MIL
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—+=—EES
—<—LIE
---3/7
10'2, 1/3
S
o
107}
10° 10° 10* 10° 10° 10"

Computational cost

Figure 3.4: FError against computational cost for Example 2 for 500 paths and N =
2,4,8,16, 32,64 in log-log scale.

Example 3 - Nonlinear Equation
Equations that are nonlinear can also be treated with the approximation schemes presented
above; we consider functionals p;; : Hg — R, ¢ € Z, j € J which are nonlinear in Hg, here.

Let this functional be given as

1 1
M”(y) = Z (Z§j2 Z +] +p2]l(j*1)2+1§i,p§j2
peL
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j—2
173 1 1 1 2
+ = — ]l . )6—<y,eP)H7
]2 r—0 z% (7" + 1) 7+ (7“ + 1) r24+1<i,p<(r+1)2
for ¢f;(y), we obtain
2
1 1 Jj— 1 .
k
¢zy(y) (@i 24+ 7 + k2 (—1)24+1<i,k<j2 T ;2 v z% Dt (r+1) k2 T2+1§z,k§(r+1)2

foralli,k € Z, j € J, and y € Hg. Here, we return to €; = e; for all j € J.
We only elaborate on assumption (C5) here, as this condition is not verified at first glance. It

holds

> Gt W) kn (v)

ke

1 1
N <i§m2 i+m+ k2 Lm-1yz1<i k<m?

kel
12 1 )
+ _ . >€_<yvek>H _2 ’e
D D T E e A (=24, ex)n)
O
' (n—1)2+1<k,p<n?
vel kj2n2k+n+p
1 2
+ L2gi<kp<r+1)2Le= >€_<y’e”>H
I;I ;0§r+1k+(r+1)+27"+—p—(’"+) P
i 2 2 2
m“(i’ ) i 1 1 1 (.
= 3 . 2.3 2 L (m—=1)24+1<i<m?
kmax(n e 1)2) 41 pe oy 41 2m2 CE IR g2 A p
. e_<yvek>%{_<y7€p>%—](_2<y, ek>H)
— min(m?,(r+1)2) (r+1)2
1 1 1 1 1
+Z Z Z mznzgi+m+k2k%(r+1)k+(r—i—l)—i— 2

r=0 k=max((m—1)2,72)+1 p=(r2+1

min(n? 2
o+ 1 1 1 1

2
C 1
+ Z Z Z m2 ;2 2,3 2
r=0 k=max((n—1)2,r2)+1 p=(n—1)2+1 =iz (T‘ + 1) it ( * 1) tk k2n? Ftntp

2e—<y,ek>%{—<yyep>%—1 <_2<y7 €k>H)

L2y <icri)
n=—2m-2min((F)%r+1)?) (r+1)? 1 1 1
+ 3. . =~ 3
TZZO ;0 k:maX(zf;,r2)+1 p=r223+1 mAn? i3 (7 4 1) 0+ (7 + 1) + K 3 (r 4+ 1)
1
1. L
PRSI 1)+ p2

2

1 1 (_2<y,€k>H) ef<y,€k>%1€*<yvep>%l]1(m

. 1,,,—
LRI mA i m R ke m g p? —DP+lsism tm=n

kvp:(m_l)2
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1 1 1 1 ( 2<y,€k> ) 7( >2 7( >2
+ Z 2m2 ;2 2 e ke WIHT (1 )2 41 <icm2 Linan
k,p (m71)+1nm itm+tk kzmk+m+p
n2
1 1 1 1 (—2<y €k>H) —<y€k>2 —( 2
_—— ’ €k H yveP>H]1 . 1
2 Bnitn R g2 k+ntp? ¢ (n—1)*+1sisn? Sn<m
k,p=(n—1)2+1
+m1n nZQm 2) (Ti 1 1 1 1
s S e ) m*n? i3 (p 4 1)1+ P+ 1)+ kg3 1) k+H(r+1) +

2
L2 p<ic(r1)2€ enliy—(wenly H(=2(y, ex)m)

=t (W)km(v)

kel

foralli € Z, m,n € Jx, K € N, and y € Hg. So, the equation is commutative.

Assumption (C3) holds true with § € (0,3), ¥ € (0,3), a € (0,1), and 8 = 0, which yields
gepFM =7y € [% 1> 4) for a maximal §. These are the same parameters as in the preceding example.
Therefore, we obtain K = /N, M = N? for the Milstein and commutative derivative-free Mil-
stein scheme and K = /N, M = N*® for the other schemes. Naturally, for the effective orders of
convergence we expect error(MIL(N, K, M)) = error(LIE(N, K, M)) = error(EES(N, K, M)) =
(’)(c gte ) and error(cDFM(N, K, M)) = O(E_%“'s) again.

In the computation of the mean square-error, we employ an approximation obtained with the
linear implicit Euler scheme for Nx = 27, Ky = +/Nx, and My = 2'8.

Milstein cDFM

N M CC Error Std CcC Error Std

2 4 24+s 2.9.102 2.3.1073 || 3-2%t2 | 2.8.1072 2.1-1073
4 24 29 2.5-1072 3.8-107% || 3.27 2.5-1072 3.9-1074
8 26 212+3 1.7-1072 6.3-107° || 3-29F2 | 1.7-1072 6.4-107°
16 28 218 6.6-1073 1.2-107°% || 3.2 6.6-1073 1.2-107°
32 210 920+3 1.9-1073 3.5-1076 || 3-215+3 | 1.9.1073 3.5-107°
64 212 227 4.4-1074 1.2-1076 || 3.22¢ 4.4-1074 1.2-106

Linear Implicit Euler Exponential Euler

N M CC Error Std CcC Error Std

2 23 24+3 1.8-1072 1.7-1073 || 24+3 1.9-1072 1.7-1073
4 26 29 2.6-1072 3.8-1074 || 2 2.6-1072 4.5-1074
8 29 212+3 1.7-1072 8.2-1074 || 21243 1.7-1072 1.0-104
16 212 218 6.4-1073 1.2-107°% || 28 6.6-1073 1.8-107°
32 | 215 || 22043 1.9-1073 4.9.1076 || 220+3 2.0-1073 5.1-1076
64 218 227 4.2-1074 2.6-1077 || 227 4.9-1074 2.2.1076

Table 3.5: Error and standard deviation for Example 3 obtained from 500 paths. CC denotes
the computational cost needed to evaluate the term that dominates the computational effort
according to Table for all time steps M.
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Figure 3.5: FError against computational cost for Example 3 for 500 paths and N =
2,4,8,16,32,64 in log-log scale.

The various examples that we investigated confirm the theory developed and described in Section
B:2] to Section 3.5} For equations that are pointwise multiplicative, the cDFMM and the Milstein
scheme converge with the same order. For general SPDEs of type , however, we observe
the predicted increase in the effective order of convergence for the commutative derivative-free

Milstein scheme.

3.7 Some Notes on Implementation

As there are various spaces that have to be approximated or discretized in the numerical schemes
that we introduced in the last sections, we outline their implementation for clarification. Let
us fix M, N, K € N; additionally to the projections Py, Pk, described in the derivation of the
algorithm above, we need to discretize the underlying space. If H = L?((0,1),R), for example,
we specify a grid on the interval (0,1) by the grid points x; = ﬁ, je{l,...,N;}, N, e N.

We define the numerical method by some operator ® : Hy x Vg x R — H as

YA = ARy NGM gy, NKM AWM )

for all m € {0,..., M — 1}. For the exponential Euler scheme, for example, we have

(YN M AWEM By = A7 e — D) (VM) 4 eAh By, M) AW KM
for all m € {0,..., M —1}.
Now, let an initial condition Xy = ZieI c;e; with ¢; € R for all 4 € 7 be given, that is, we know
the coefficients ¢; = (Xo, e;) g, for all i € Z. Furthermore, assume that we have computed an

approximation V;EM of the solution at time tm = m - h for some m € {0,..., M — 1} and have

calculated the corresponding Fourier coefficients <Yn{f ’M, ei)p for all i € Zy.

79



3.7. Some Notes on Implementation

For all m € {1,...,M}, M, N, K € N, the solution in the next step is then obtained as
1. Compute the projection of YTfL{’M at grid points z;, j € {1,..., N3}, as

YoM (@) = PaYoM () = Y (VM e mei(x;).
i€LN

2. Draw K random variables ¢, ~ N(0,1), k € {1,..., K}, and project the Q-Wiener process

as

AWM (o Z ViV hepér(z;)

keTKk

at all grid points xj, j € {1,..., Ng}.

3. Compute the solution in the next time step at all grid points z;, j € {1,..., N}, with the

numerical scheme

Vit () = MY M () 4 SV HM (), AWM (), ).

4. Calculate the Fourier coefficients <Yfﬂ4,ei) o, ¢ € Iy. If again, for example, H =

L%((0,1)), we employ a quadrature rule such as

N,
K,M
(Yoii,en = Z m+1 xj)

for all 1 € Iy.

This sequence is repeated until we reach <YA§’M, ei) i, © € Iy; then, we conduct step 1. once

N.K.M
more to obtain Y,

In the error analysis, we are interested in the term ( [HXT N M, K||H] )% for all M, N, K € N.
We stay with the example from above and fix H = L?((0,1), R). Denote by P € N the number
of paths that we simulate and by Yj\]} and Xg the discrete approximation, obtained as described
above, and the solution process at time 7' computed in simulation p, p € {1,..., P}. Then, we

approximate the error as

( [/ |Xr(x) NMK )‘2dx]>éz< PV, 1) +1 iim (zj) — Y (x )|2>1

pljl

This is just a basic composite trapezoidal rule, [I7, Chapter 9]. We refrain from analyzing or
improving the approximation at this point by choosing, for example, another quadrature rule as
this part is not specific for SPDEs and therefore not the focus of our work. In the numerical
analyses in Section [3.6] and Section 4] we chose N; = N. These examples show that the
approximation of the inner product with the composite trapezoidal rule does not reduce the

order of convergence below the expected value.

80



Non-Commutative SPDESs:

Numerical Schemes with Higher Orders

If the commutativity condition (C5) is not fulfilled for a SPDE of type (1.1)), it is not possible
to rewrite the iterated stochastic integrals
t T
[ Be( [ Becawl)aws, (4.1)
S S
s,t €10,T], s <t, K € N, as in equation (3.11)); thus, the commutative derivative-free Milstein
scheme is not applicable. Therefore, we need to analyze and approximate these iterated integrals

to obtain a numerical scheme for such equations. If not stated differently, we assume the setting
presented in Section throughout this chapter.

Below, we introduce two algorithms to approximate stochastic integrals of type (4.1). In a
second step, these methods are incorporated in a derivative-free Milstein scheme to approximate
equation (1.1). We analyze the strong convergence for both combinations and compare the

methods analytically and numerically to the exponential Euler scheme.

4.1 Approximation of Iterated Stochastic Integrals

The schemes that we propose to approximate the stochastic double integrals derive from the
methods developed by Kloeden, Platen, and Wright in [39] and Wiktorsson in [75] for finite
dimensional SODESs; they are based on the truncation of a series representation of the Brownian
bridge process. We transfer these schemes to our setting and adjust the proofs. For Algorithm

1, based on [39], we obtain an estimate for the sum of squared errors instead of the maximal
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4.1. Approximation of Iterated Stochastic Integrals

error only, whereas the error estimate for Algorithm 2, adapted from [75], differs in the setting

of SPDEs driven by a @Q-Wiener process of trace class.

In order to devise algorithms to approximate the iterated stochastic integral in the setting
of SPDEs, we define the operators B € L(V, H)o, G € L(H, L(V, H)g). Furthermore, we assume
(Wt)te[o,T] to be a Q-Wiener process with finite trace. These assumptions are imposed on SPDE
to derive the numerical schemes in Sections and as well and are therefore not limiting.

In the following, we denote the iterated stochastic integrals by

t+h s ] )
T = Lup(ttem = [ [ asiasl (1.2)
t t

foralli,j € J, h>0,t,t+hel0,T)].

As (Wi)iejo,r) is an infinite dimensional stochastic process, represented by an infinite sum ,
we truncate this series such that it can be simulated with a numerical scheme. We denote this
approximation by (WX )teo,r), K € N, which is defined in (3-10).

Thereby, we can express the iterated stochastic integral for any h > 0, t,t + h € [0,T], K € N,

as

/;JrhG(/:Bde{) dWSK:/tHhG(/:B > Vmids:) Y /i Bl

1€JK J€EIK

t+h s . .
:/t /t > vinds Y i dBl G(Bé, )

1€TK J€EITK

— Z Z \/E\/"le(z,])(h) G(Béi,éj).

1€JKk j€ETK

For simplicity of notation, we assume Jx = {1,..., K} and 91 > n2 > ... > ng, K € N, in this

chapter. Consequently, we aim at devising a scheme to approximate

t+h s ) )
18,0 = v [ [ asias] (43)

foralli,j7€{1,..., K}, Ke N, h>0,t,t+hec|0,T]

Algorithm 1
In order to define Algorithm 1, we mainly adjust the scheme of [39] to our setting. Moreover,
we obtain an estimate for the sum of squared errors, similar to (4.4 below, which remains inde-

pendent of the number of Brownian motions driving the equation.
In the setting of SODESs, we denote the approximation of the stochastic double integral (4.2)

with the algorithm derived in [39] by f(i’j)(h) for all 4,5 € {1,..., K}, K € N, h > 0; here, the

integer K € N represents the number of independent Brownian motions (ﬁtj )es0,J € {1,..., K},
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4.1. Approximation of Iterated Stochastic Integrals

in the SODE that is to be approximated. In [38] and [39], the authors showed that for any A > 0
the simulation error can be estimated as
- h?
max E||I; ;(h) — I; ;(h <C— 4.4
Lmax B[\ (h) = ()] (1.4
where D € N is the integer at which the series representation of I; ;(h), 4,5 € {1,..., K}, K € N,

h > 0, is truncated to obtain the approximation.

The following derivation is taken from [39] to a large extent. We derive an approximation of the
Brownian bridge process (5§ — %ﬁg)ogsgt forall j € {1,...,K}, K € N, t €0,T] by its Fourier
series first. Therewith, we obtain an approximation of Ig,j)(t,t + h) for all 4,5 € {1,..., K},
K e N, h >0, t,t +h € [0,T], depending on realizations of the increments of the Brownian
motion AB) =p,, — B, je{l,..., K}, K €N, h > 0.

The series expansion, which converges in L?(Q), reads

5§ — ;ﬁg = fao + Z (aj cos ( TWS) + bl sin (27?8)) (4.5)

with

forall je{l,..., K}, KeN,reNp,andall 0 <s <t <T.
By simple computations, we obtain
E[dl] =E[¥] =0, (4.6)
Blakef] = E[5{#!] = B[aib}] = E[at] =0, @)

foralli,je{l,...,K},i#j, K €N, r/k € N, and

- 1 t 2rms 2kms 0 k#£r
J] — o )
Elala)] = r27r2E[/0 cos ( ” ) cos ( ; ) ds] = . . (4.8)
2m2pr2) -
- 0, k#r
sl ={ " 7 49)
ez k=,

forall j e {1,..., K}, Ke Nr k€N,
We rearrange expression (4.5) and truncate the series at some index D € N. This yields the

following approximation of the Brownian motions (82)o<s<; for all j € {1,..., K} and all s,t €
[0,T], s <t
; s 1, & ; 2rms ; 2rms
Bg(D):tﬁwaQaf)Jr;(aﬂcos( " )+bﬁsin( ” )) (4.10)
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In fact, we are interested in computing an integral with respect to this process; it converges
to the Stratonovich integral J(h) for D — oo according to Wong and Zakai [76, [77] and [38],
Chapter 6.1]. Therefore, we obtain an approximation j(Ql.’j)(h), i,je{l,...,K}, KN, h>0
for the stochastic double integral in the Stratonovich sense from which we obtain the It6 integral

¢ (h), i, € {1,..., K}, h >0, as

Q (1) =J (h) — Shnt,
I 5 (h) = J¢ 5y (h) — g hnilli=,
see [38, p.174].

From [38, p.171], we know

0 ni (ABL)? — mih
I(z %) (h) 9

foralli € {1,..., K}, k € N, h > 0; therefore, we have to approximate j(?j)(h) or fgj)(h), respec-

tively, for 4,5 € {1,...,K}, i # j, K € N, only. As ig?j)(h) = jgj)(h) for all 4,5 € {1,...,K},

i # 7, K € N, h > 0, we obtain an approximation of the It6 integral directly by integrating with
respect to the process given by (4.10)).

Since fo u)dB = 5J fo f'(u) 8% du for a continuously differentiable function f : [0,7] — R,

see |38, p.89], and ao = %fo B du — ,Bt for all j € {1,...,K}, t € [0,T], the iterated stochastic

integral can be computed as
I(ﬁ{j)(h) :I(ﬁ{j)(o, h) = /i /0 ' /0 ’ A8 A8, = v/1i/m5 /0 ' B dB}
=m\/n7/0h (;‘Lﬁ,@ w2+ 3 (ahoos (2T 4 bisin (27”;“))) ag
r=1

:ﬁﬁ(ﬁj/ohudﬁi—i-;agﬁi / (Za cos( )—i—bl i (2T;u>>dﬁﬁ>

:\/E\/@(ﬁhz /Ohudﬁi + %aé,@i
> i i h opm ./ 2rTu i h opm 2rmu

3 2 () o [ o () )

r=1

:\/E\/@( ﬁhﬂ] (aoﬂh_aoﬁj +7§;( (ﬁ] +7’7r b7 —;)) _%walh ))

1, Z
:\/m\/ﬁj(gﬁhﬁi (aoﬁh aoﬁh +7TZ —baj))
foralli,5€{l,...,K},i#j, KeN, h>0.

Following [39] and [75], we do not approximate the stochastic double integral but the Lévy

stochastic area integrals

230 = Vi — 5 (@i} — abs)) + b7 Z b~ bial)) (4.11)
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4.1. Approximation of Iterated Stochastic Integrals

for all 4,j € {1,..., K}, i # j, h > 0, instead. Furthermore, we only need to simulate Agj)(h)
for i,5 € {1,..., K} with ¢ < j. This is sufficient due to the following relations, see [75],

1 A A J —h 101,

19 (ny = VIVIABL AR = hnidy 4o g0 (4.12)
(4.5) 2 (4.5)

AZ () = —AQ ;) (h) (4.13)
A () =0 (4.14)

forall 4,5 € {1,...,K}, h > 0.
In the following, we use the descriptive notation from [75], which follows directly from (4.11)) and
(4.6)-(4.9) and was introduced in [39], to simulate

Agj)(h) = % i % (U (er + ﬁmAﬁi) —Uyj (Z + \/z\/EAB;i)) (4.15)

r=1

with random variables Uy; ~ N(0,1;), Zy; ~ N(0,1;), and ABi ~ N(0,h) that are all indepen-
dent for i,j € {1,...,K},r€ N, h > 0.

We denote

azi,j)(h) = Ui ZTJ + \/7\/TTJAﬁh 7"] Zm+ \/7\/7ZA511 (4.16)
for all i,5 € {1,..., K}, r € N, h > 0 and define the index set

Ta=((12),....,(LK),...,(Ii+1),...,(LK),....,(K —1,K))
=(Iy,...,I1) (4.17)

for L = . As mentioned above, we only need to approximate A?(h), h>0for I €Zy.
We truncate the series in (4.15)) at some index D € N to obtain the approximation. For I}, € Ty

with I, = (4,7), 4,5 € {1,..., K}, K e N, k€ {1,..., L}, we define

K(K-1)
— 2

1 -
a () =3 7 (U Zwﬂf VIEAR,) = U ( Zm[ VIABL)) = 3 ~ai, (1)

for all h > 0 and get an approximation of the vector of area integrals as

i h ¢ (D) (D) (D) (D) (D) T
A(h) = o= (al )y (). sal ey (). saly (), sl (B)s s ali) ey ()

— %((@ ") rer,) - (4.18)

For all h > 0, we define the vector of truncation errors as

o) =4-(( ia}(h))IEIA)T. (4.19)
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4.1. Approximation of Iterated Stochastic Integrals

Now, we formulate Algorithm 1. The notation in the following instruction is taken from [75] to

some extent, as the scheme can be efficiently implemented this way. For some h > 0, D, K € N

1. Simulate

AW = (ViIrABL, -, ik ABE)T ~ N(0k, hC)
with C = diag(n1, ..., 7K)

2. Approximate A(h) as

= ED: %HK (e (2 + ﬁAW,?) ~(z+ ﬁAW,?) 20, )

r=1

where Uk = (Ukla .o .,UkK)T ~ N(OK,C), Zk = (Zkla .o .,ZkK)T ~ N(OK,C) for all
ke{l,...,D} and

Or—1x1 Ix—1 Or-1xk(x-1)

Ok —2xK+2 Ik—2 Ok oxk(Kx-2)

Ok —ixg-1r+1  Ixk-1 Ox_ixk(x-1)

O1x(k—2)k+K-1 1 O1xK
3. Define A? = Oy and set A% — A(R)y for I, € Ta, k € {1,...,L}. Compute

AWZ AW b,
2 2

-0 0 ) )
IQ = (I(i,j))i,je{17.”7K} — AQ _ (AQ) n
Now, we determine the truncation error for this approximation method.

Theorem 4.1 (Convergence of Algorithm 1)
Assume that Q) is a trace class operator and (Wt)te[o,T] a Q-Wiener process. Furthermore, let
Be L(V,H)y and G € L(H,L(V,H)y). Then, it holds

t+h s N 2 h2
K K Q 5. B
E[H/t G(/t BAw! ) awrE -3 S I G(Bez,e])HH} < Cops
€Tk j€TK
for some Cg > 0 and some arbitrary h >0, t,t+ h € [0,T], D, K € N.
Proof. The proof is given in Section [£.3] O

Note, that this estimate is independent of K.
For completeness, we state the following lemma. We want to emphasize that in the numerical

scheme we compare the approximation of the iterated stochastic integral to the integral with
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4.1. Approximation of Iterated Stochastic Integrals

respect to (W[ Jeelo,r); K € N, that is, we employ Theorem . The following estimate is not
part of the proof of convergence of the derivative-free Milstein scheme in Section [.3] and does,

therefore, not imply a reduction in the order of convergence.

Lemma 4.1
Let B € L(V,H)o, G € L(H,L(V,H)o), and let (Wy)cpo,1] be a Q-Wiener process of trace class.
Then, it holds

t+h s 5 2 h2
_ Q 5. 6. 2 L
E[H /t G(/t Baw, ) aw, PIDIR MO G(Bez,e])HH} < Coh? + Co—5
€Tk j€TK
for some Cg > 0 and some arbitrary h > 0, t,t + h € [0,T], D, K € N.
Proof. For a proof we refer to Section [4.3] O

Algorithm 2

First, we consider SODEs again and denote the approximation of the iterated stochastic integral
with the scheme in [75] by I(; (k) for all i,j € {1,...,K}, K € N, h > 0. In the
finite dimensional case, the error resulting from the approximation of I; ;y(h) by I; j)(h) for all

i,je{l,..., K}, KeN, h>0is

EK:EUI Ny (h)ﬂ <57h2K2(K—1) (4.20)
P (4,9 (6.3) = 242 D2 ’ :
i<j
where D € N is again the index at which the sum is truncated such that we obtain the ap-
proximation of the iterated stochastic integral and K is the number of independent Brownian
motions, see [75] for details and a proof.
In the numerical approximation of SODEs, D is chosen such that the overall order of conver-
gence is not distorted; for example, D > 7”5\21752:1) is selected in the Milstein scheme, [50 [75].
Therefore, the simulation of the iterated integrals is costly; precisely, we have to compute DM
terms to obtain IA(m-)(h), h = %, for all 3,57 € {1,...,K}, K € N, and all time steps, where
M € N is the number of time steps used to approximate the solution of the SODE. This adds
computational cost of order M2 to the total effort, consult [38] or [75] for more details on this
issue.
The error estimate depends on the number of Brownian motions K € N as well. This
suggests that the computational cost increases much faster in the setting of SPDEs as the num-
ber of independent Brownian motions is, in general, not fixed. The eigenvalues of the Q-Wiener
process are, however, not incorporated in the error estimate yet. The fact that we integrate
with respect to a (-Wiener process in the setting of SPDEs, where () as a trace class opera-

tor, yields an error estimate which depends on the rate of decay of the eigenvalues n;, j € J, of Q.

The following derivation is based on [75]. As before, the series (4.18) is truncated at some index
D € N. The tail sum Rp, however, is approximated by a multivariate normal distributed random

vector additionally, as described in [75].
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4.1. Approximation of Iterated Stochastic Integrals

Now, we determine the distribution of the tail sum; we compute the covariance matrix of
(a}"(h))IGIA conditional on Z" = (Z,1,...,Z,k) and AW,S2 = (VMABL, ..., I ABF)T for
eachreN h>0, KeN

Var(aj,)  Cov(ajaj,) ... Cov(ajaf,)
Cov(af. af Var(a’
B2 aw@ = ! o 2 (1) (4.21)
Uk : Cov(a’I”L_la}"L)

Cov(a}, af, ) Var (a7, )

with

Var(aj, ) = n; (er + J?Tj\/%Aﬁi)Q +n; (Zri + m\/gAﬂﬁ)Q

for all Iy = (i,5) € Ta, k€ {1,...,L}, 4,5 € {1,..., K}, K €N, r € N.
We define df := Z,ni—k\/@\/%Aﬁfl,ie {1,..., K}, K € N,r € Nand get for all I, = (i,7) € Zg4,
Iy} =(m,n) €Za, k,le{l,....,L}, Il #k,i,jmmne{l,..., K}, K€N,

2 j 2 ;
B (Uni(Zej + 5 VABY) = (Zei + 5 VEAB)Ury)

2 2
Urn(Zom + ST SB) = (Zon + 5 VB Urm) | 27, AW

Cov(a’}k az )

/

0, i Fn,m, j#Fn,m
Nididp,, i =mn
= —mdgd;, i1=m
—njdidy,, J=mn
n;didy,, J=m.

This implies

[e.e]

h\2 1
RD(h)|Z,AW,? ~ N<OL’ (%) Z TQZTZT,AW,?)
r=D+1

for Z = (Z");eny and D € N. Hence, we can approximate the tail sum by simulating a random

vector o 1
Vp(h) = 2}?( Z TLZTZ",AW§> 2RD(h)
r=D+1
with Vp(h) ; awe ~ N(0r, I1xz) and
0 1
Rp(h) = 2};( ZD: TLETZTAW}?) Vi (h) (4.22)
r=D+1

for arbitrary D € N.

It remains to examine, how the covariance matrix evolves with D — oo. For some D € N, we
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4.1. Approximation of Iterated Stochastic Integrals

define
(D+) SRR r
2 ::< Z 772) Z 727z, awQ
r=D+1 r=D+1
and
(00) . 1 Q
5 = B[ a5

with diagonal elements

. 2 o, 2 1-
Eék ) — 2n;m; + Enmj(Aﬂi)Q + Enmj(AﬂhF

and
07 i#n7m7j7én7m
20T/ ABLABY,  i=n,
(00) _ i A on )
Ekl - —%771‘\/777\/ nnAB]JlAB}” r=1m,

—%Uj\/mv UmAﬁiAﬁﬁna .7 =n,
%Um/’%v nnAB;LAB}TLLa ] =m,

for all k,1 € {1,...,L}, | # k with I = (i,5), I = (m,n), Ix,I; € Za, i,5,m,n € {1,...

K eN.
From the proof of Theorem [4.2] below, we have

lim E[||2PH) - x))2] =0,

D—oo

where I’ denotes the Frobenius norm. Thus it follows

2T

h( > 712>7§RD(h)i>C~N(0L,E(OO))

r=D+1

for D — oo.

(4.23)

(4.24)

Combining the above, we obtain an algorithm very similar to the one in [75], where steps 1,2,

and 4 equal Algorithm 1. For some h >0, D, K € N

1. Simulate
AWE = (VIHABL, ... yiKABE) " ~ N(0x, hC)

with C = diag(n1, ..., k)

2. Approximate A(h) as



4.1. Approximation of Iterated Stochastic Integrals

with Uy, ~ N(0k,C), Zx ~ N(0x,C), k € {1,...,D} and

Or—1x1 Ik—1 Og_1xk(Kx-1)

Ok —oxK+t2 Ik—2 O _oxk(K-2)

Hyi =
Or—ix-1)k+1  Ix-1 Ox_ixk(x-1)

O1x(k-2)k+K-1 1 O1x K

3. Simulate Vp(h) ~ N(0g, I xz) and compute

A(h) = A(h) + i( f: ;);\/E(W)VD(h) (4.25)

2T
r=D+1
4. Define A9 = O« and set AZ = fl(h)k for Iy € Ty, k€ {1,...,L}. Compute

. AWZAWHT b,

0 7Q _ T
IQ - (I(i,j))i,je{l,...,K} - AQ - (AQ) 2 2

Note, that the matrix v £(>) has to be computed by a Cholesky decomposition. Next, we analyze

the error resulting from this algorithm.

Theorem 4.2 (Convergence of Algorithm 2)
Assume that Q) is a trace class operator and (Wt)te[o,T] a Q-Wiener process. Furthermore, let
Be L(V,H)y and G € L(H,L(V,H)). Then, it holds

2

e [ ol [ vy - 5 S im0 0w < ot

€Tk JETK
for some Cg >0 and all h >0, t,t+h € [0,T], D,K € N.
Proof. Again, the proof is detailed in Section O

Remark 4.1
Note, that if (Wi)iepo,r) is a cylindrical Wiener process, we obtain the same estimate (4.20) as

in the finite dimensional case.

_1
In general, we obtain convergence for K, M — oo if we choose h = % and D > n? h'=0 for
some 0 > 0. For Algorithm 1, we require D > h®*~% instead. However, we need a more careful
choice of D to maintain the rate of convergence of the numerical scheme developed in the next

section. This issue is detailed in the following.
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4.2 Error Analysis and Computational Cost

T
M
T > 0, M € N to approximate the mild solution to equation ([L.1)). We aim at simulating the

Consider a numerical scheme with strong order of convergence ¢ > 0 in the time step h =

iterated stochastic integrals such that the order of convergence is not reduced. Therefore, we
need to choose D > M?1~! for Algorithm 1, whereas Algorithm 2 requires D > M q_%n;(%, see
Theorem and Theorem [£.2] The error estimates for the iterated stochastic integrals in the
last section show that it depends on the relation of N, M, K € N and therewith the parameters
v, 0, pa, pg which of the two approximation algorithms is superior in the infinite dimensional
setting - Table summarizes these results. This contrasts the approximation of SODEs in
finite dimensions, where the number of independent Brownian motions is fixed and therefore the

algorithm developed in [75] involves less computational effort.

In the following, we develop a derivative-free Milstein scheme for the case that the operator B'B
is not commutative, that is, (C5) does not hold. We show that the scheme that we propose
below is more efficient for most parameter constellations than the exponential Euler scheme if
qrEs < qprum, which holds in general.

In contrast to the commutative equation, we approximate the derivative by one term only,
compare Section The discrete approximation process that is obtained with this scheme is
denoted by (Yi?)o<m<nr, M € N. The derivative-free Milstein scheme (DFM) reads YOQ = Pn¢

and
Y% =Py (eAhY,g? + he M F(Y,Q) + M B(Y,9) AW EM

S (B(Y,,? + 3 PNB(Yn?)éJg’j)(h)) - B(Y,S))@) (4.26)

JjeTK €Ik

for all m € {0,...,M — 1}, N,M,K € N. Here, I_ZQ](h) denotes the approximation of Ig(h)
obtained with Algorithm 1 or Algorithm 2 for all ¢, j € Jx, h > 0, K € N. If the iterated integral
is approximated by Algorithm 1, we call the scheme DFM1, whereas if we employ Algorithm 2,
it is denoted as DFM2.

In order to prove the error estimate below, we need to impose one of the following assumptions

additionally.
(Cé6a) Q2 is a trace class operator.
(C6b) Q is a trace class operator and supycp, [|B(y)|z(v.m) < C for some C' > 0.

Therewith, we can show the convergence of the derivative-free Milstein scheme.

Theorem 4.3 (Convergence of DEM)
Let assumptions (C1)-(C4) and (C6a) or (C6b) be fulfilled. Then, there exists a constant Cr g €
(0,00), independent of N, K, M, and D, such that for (Yé?)ogmgz\/[, defined by the DFM in
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(4.26)), it holds

1 - « .

B[] x., - vQ|%])* <c inf X)) )"+ MmiRCO=AY (D
ol 3815)) < crof (i 2+ (o ) o)
for all m € {0,1,...,M} and all N,K,M,D € N. The error term E(D) is determined by
Algorithm 1 or 2 and given in Theorem or Theorem [{.3, respectively. The parameters are

determined by (C1)-(C4) and (C6).

Proof. The proof of Theorem [.3]is stated in Section .3} O

This is the same estimate as for the commutative derivative-free Milstein scheme, see Theorem
if D € N is chosen carefully. The computational cost, however, increases as we have to

simulate the iterated integrals.

Next, we determine the effective order of convergence for these schemes. Below, we assume
n; < Cj~Pe for some pQ,C' > 0 and all j € Jx, K € N. As for the commutative scheme, we
minimize the error such that the computational cost does not exceed some specified value
¢ > 0. For Algorlthm 1, the condition on the computational cost reads 3M N K + M4 (K V¢
with ¢ = min(2(y — ),7y). We obtain different results depending on the parameters, as a

Q

reasonable choice for N, M, K, we get

apQ

M= @<WQ+1>> N — @(mﬁf@m> K — @(W)

apQYPA

. In this case, we obtain for the effective
YPATYPA—QPQ

if 2apgypa +vpa —apg > 0 and g > %ap0

order of convergence
___%PQ
err(DFM1) = (9(5 2<&PQ+1>). (4.27)

For any other parameter set, we obtain as for the commutative scheme

YPACPQ qopQ

P A
_ = + + + + + +
M = O(C(apQ P A)d 'ypAcpr>’ N = O( (apg+rpa)a ’YPAapQ) K = 0( (apg+rpa)a WpAapQ)

and the effective order of convergence equals

P ACPQ

err(DFM1) = O (a_ @rQ TP THeATg ) . (4.28)

_1
Concerning Algorithm 2, the condition on the computational cost is 3M N K+ M ‘H%n d K(Ig_l) =

¢. If VX() is not explicitly computable but obtained by a Cholesky decomposition instead, we
get an additional term in the computational cost. We want to keep this analysis independent of
this factor, however, and do not include the effort to calculate v X() in this analysis.

We get different results subject to the parameter constellation. Precisely, if 2apgypa + poypa +

apQYPA

in
Zaparpatrairat2(pa—apqg)’ V¢ obta

2(vpa —apg) > 0 and ¢ >

QapQ 2ap0q

Q 2q
_ =2 4 — = 2 +pQ+4)a+ K = A2 +rQt+4)at+
M = O(C( apg+rg+ )q+apQ>, N = O(C’YPA(( apQtrg+4i)e apQ))7 — O(C( apQtrqgt4i)a apQ)
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with effective order of convergence

2apQa

err(DFM2) = O <a_ GargFoqFatarg ) . (4.29)

Any other parameter constellation yields the same effective order as the commutative scheme,

see ([28).

We compare the effective order of convergence across the parameter sets to determine which
scheme to use for a given equation. The benchmark scheme is the exponential Euler scheme

whose effective order of convergence is

qVPACPQ

err(EES) =0 (6_ (apg+rpa)atrpacrg ) ,

as described in Section Here the parameter ¢ equals ¢ = ¢pps = min(y, %, 2(y — B)). We
are mainly interested in treating cases where qpps < gprm, which we assume from now on.
Table [£.1] clearly illustrates how the decision on the preferred scheme depends on the underlying
parameters ¢, a7, pa, pg and that it cannot be universally identified. The EES is outperformed

by the DFM for most parameter constellations, however. We merely compare the effective or-

der of convergence for the case that 2apgypa + vpa — apg > 0 and ¢ > 2apQ“/zfxTvpffrapQ or
2apQvpA + poypa + 2(ypa — apg) > 0 and ¢ > 2CYPQ7PA+PZ€YQPZT2('YPA—0{PQ) does not hold. In

this case, the superiority of the DFM1 or DFM2 follows as in Section for the commutative
derivative-free Milstein scheme. The results for other parameter constellations are summarized

in Table €11

We do want to emphasize again the contrast to the approximation of finite dimensional SODEs
with numerical schemes that involve an approximation of stochastic double integral; for SPDEs,
we do not have a preference for one of the schemes DFM1 or DFM2 independently of the equation
to be solved. The overview in Table clearly illustrates the dependence on the parameters
q,0,7, pa, pg- Note, for completeness, that for the Exponential Euler scheme, assumptions (C6a)
and (C6b) as well as parts of (C3) are not required to hold. Therefore, for those equations that
do not fulfill these conditions, this scheme might be beneficial.
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Conditions Scheme EOC

2apQYpa + pYpa +2(7pa —apq) <0, 2apgypa + ypa — apg <0

- * 9YPACPQ
¢z 0201 DEM1 (epq+ypa)gtipacpg
_ * 9YPACPQ
q< a(2q 1) DFM2 (apo+ypa)atypacpg
2apQVpA + pQYpa +2(vpa — apg) <0, 2apgypa +ypa—apg >0
_ avpAcpQ
7< 5 apQYpA q>a(2g—1) DFM1” (apo+ypa)gtypacapg
= 2apYpatrra—cpq
_ * avpAcpQ
g<o(2-1) DFM2 (epot+ypa)gtypacpg
aApQIPA dYPACPQ
q> 2apQypatypa—apg DFM2 (apg+ypa)atypacpg

20pQvpA + pYPA +2(1pa — apg) > 0, 20pgypa +ypa — apg <0

qYpACPQ
APQYPA q Z a(2q — 1) DFM1* ¥ ¥
(S 2apQrpatrerpat2(ypa—apq) (epgtrpajatipsapy

g<a2g-1) DFM2* Dfac e

(apo+ypa)atypacpg
apgypa qypaapg
> DFM1
9~ Zoporpatroirat?(ipa—arg) (apg+ypa)atypacpg

2apQYpa + pYpa +2(vpa — apq) > 0, 2apqypa +vpa — apg >0, ypa > po(a —vpa)

. * avpACPQ
42> a(2g—-1) DFM1 (apg+ypa)atypaapg

apypa

q= 20pQvpatPQYPA+2(YPA—apQ) g <a(2q—1) DFM2* (QPQ+?Y’LZg;£C’jPAaPQ
2avapA+panciJZT2(wA—apQ) <g¢s 2@/)@7%(-25-7;;2;—&0@ DFM1 (apQJri’:J%?ﬁipAapQ
1> a(2g 1) | 200> Pa | DEMI i
q> ZQ/JQV(ZZ?&ZZ—@/)Q apQ < ypa EES (apQ+z5§;;EAg§finva
g<a(2g-1) 12 R | DR (gamfpzpff)ﬁam
qs % EES (QI)Q+3Z§;QPEAE(1552[’Q’YPA

20p@Ypa + pYpa £ 2(vpa — apg) > 0, 2apgypa +vpa — apg > 0, vpa < po(a —vpa)

- * qYPACPQ
q= TrEETy 7= a(2q 1) DFM1 (apg+ypa)gtypacpg
— 2apgrpatypa—apq pacre
— * A
g<al2-1) DFM2 (apotypa)atypacpg
apQYpa < apQYpA qYPACPQ
2apgypatypa—apg <4= 20pQvpAtPQYPA+2(YPA—pQ) DFM2 (apgo+ypa)gtypacpg
DFM1 __aPQ
g>a(2q—1) [ 2774 Sapg 1)
APQYPA ap g YpA EES APQYPAYEES
a=> 2apQVpa+PQYPA+T2(VPA—pQ) Q (O‘PQ+'YPA2)QEES+OCPQ’YPA
apQYPA apQq
q < a(2q — 1) 1= dy DFM2 (2apg+pg+4)qtapqg
XPRQIYPA QAPQYPAYEES
= d1 EES (apg+ypa)aees+apgypa

Table 4.1: This overview identifies the numerical scheme which is selected to approximate a given
non-commutative SPDE of type . The scheme that is indicated is chosen by its effective
order of convergence (EOC). For some parameter sets, there is no difference in the order of
convergence; in this case, the computational cost is consulted as an additional factor (indicated
by *). We define di = 2apgypa — pgypa — 2(ypa — apg) and assume gpps < ¢ = ¢prum.
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4.3 Proofs

In the following proofs we use some generic constant C' which may change from line to line.

Proof of Theorem [4.1]

Theorem (Convergence of Algorithm 1)

Assume that Q is a trace class operator and (Wt)te[O,T] a Q-Wiener process. Furthermore, let

Be L(V,H)y and G € L(H,L(V,H)q). Then, it holds
t+h s K K ENE h?
E[H/t G(/t Baw[) awk - > S I Bei,ej)HH} < Co=p
€Ik jJ€EITK
for some Cg > 0 and some arbitrary h > 0, t,t+ h € [0,T], D, K € N.

Proof of Theorem [{.1].
For all h > 0, t,t + h € [0,T], K € N, we get

E[H/ttJrhG(/:BdW,f{) dwf =" S I () G(Bézséj)HiI]

i€JK J€ETK
2
:E[H SOS I8 () G(Bae) - Y S IC (h Béi,éj)HH]
1€JKk J€ETK 1€JKk J€ETK
= > > B, () — I8, (W)IG(Bés &) 15

€Ik J€EITK

E[I(ij)(h)l(?n n)(h)] = 0 for all 4, j, m,n € Jx with (i,7) # (m,n), K € N, see [38]. The same
holds for the approximations jzgj)(h), i,j € Jx, K €N, h>0.

By the assumptions on B and G, we obtain

E[H/:MG(/:Bde) AWl — 3" 3 I8 (k) G(Béué’j)Hl]

1€k jJ€ETK
< > D BIAE () = I8 NG v,y | BIE v
1€JK J€ETK
7Q 2
<C Y D BlUG, )~ I8 ()]
€Ik JEITK

forall h >0, t,t + h € [0,7], K € N.
Due to (4.12)-(4.14)), it is enough to examine Ag,j)(h)’ flg,j)(h), h>0,forije Jx, Ke€N,
with ¢ < j. This implies

E[H/:MG(/;Bde() awf =y > f(?,j)(h)Gwé“éj)Hif]

€Ik j€EITK
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<C). D, E[(Ag,ﬂ(h) — A8 (1))

€Ik J€EITK
=20 Z AR () = AT ()] (4.30)
Z<j

forall h >0, ¢,t+he[0,T], K € N.
By (4.11) and the properties of a,T,Iﬁ, reN, je Jk, K €N, given in ., we obtain

E{H/:MG(/:BdWTK) AW =" > I3 G(Béivéj)HiI]

€Ik JEITK
<20n® Y E[(h Z r i/ (a —b@aﬂ))Q]
i,j%i?}( r=D+1

—2Oh2” 3 Z P20 B[(alb])? + (biad)?]

7]6\7}{7‘ D+1
1<J
_ 27r 2
a0y Y ()
1,j€ETKx r=D+1
1<J
2 G h2
<C(trQ)? > e
r=D+1

for all h > 0, t,t + h € [0,T], D, K € N.
As in [39], we finally estimate

°° 1
Lo la-l

r= D+1

and in total, we obtain

E[H[MG([Bdwf) SUEEE S N () G(Béuéj)Hi]]

1€JK JETK
o h?
< — 4.31
<CmQP L, (4.31)
forall h >0, t,t +h e [0,T], D,K € N. 0
Proof of Lemma [4.7]

Lemma
Let B € L(V,H)o, G € L(H, L(V, H)o), and let (Wi).ejo,m) be a Q-Wiener process of trace class.
Then, it holds

2

E[“/ttJrhG(/tsBdWr) aw, — 3" 312 (n) G(Béi,éj)HiJ < Cw%c@%

€Ik J€ETK
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for some Cg > 0 and some arbitrary h > 0, t,t+h € [0,7], D, K € N.

Proof of Lemmal[].1}
We determine the error resulting from the projection of the Q-Wiener process in (3.10) combined
with the approximation of the iterated integrals. For all h > 0, t,t + h € [0,T], K € N, we

decompose the error such that

[H/t+h (/ BdW)dW > > Béi7é]—)H2]

i€k j€EITK

gE[“/tJrhG(/sBdWT)dWS—/HhG /SBdWTK)d 2]
t t t t H
+E[H/tt+hg(/:3dwg(> S DD N () Béi,éj)Hj{]. (4.32)

€Ik j€TK

The second term can be estimated as stated in the proof of Theorem By Ité’s isometry and
the properties of the operators B and G, we get for all h > 0, t,t + h € [0,T], D,K € N

E[H/ttJrhG(/tsBdW) Z Z 2 Béi,éj)HiJ

§2E[H/t+hG /sBdWT) g 2} +2E[H/j+ha([3dwf)
<2l [

t+h s K - 2
LHS(VO,HJ ds+2j§Knj/t E[HG(/t Baw! eJ)HH} ds
h2
+trQ2—D

t+h t+h
<20/ / ||BHLHS Vo H)] drds + 2C Z 7]1%/ / HBezHH] drds+trQ—— QD'

1,J€ETK

2 h?
t -
H} + rQﬂ'QD

By the assumptions on B, we further obtain

E[H/tt+h(;(/tsBdWr> S S N (D) G(Béiaéj)Hj{]

1€JK JETK
2 212 h2 2 2
forall h > 0, t,t + h € [0,T], D, K € N. O
Proof of Theorem [4.2]

Theorem (Convergence of Algorithm 2)

Assume that Q is a trace class operator and (Wi)epo ) @ Q-Wiener process. Furthermore, let
Be L(V,H)y and G € L(H,L(V,H)y). Then, it holds
2

E[H/tHhG(/tsBdW’“K) W=D D g0 Béuéj)“j{} = CQ%W?

€Ik jJ€EITK
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for some Cg >0 and all h >0, t,t+h € [0,T], D,K € N.

Proof of Theorem[{.3
As in the proof of Theorem particularly equation (4.30)), we obtain

[H/t+h (B/ts AW awk = 30 3 02 Bé,;,éj)‘m

1€Jk j€TK

L
<C Y Y B[, () = I8, ()] = 2O;E[<A?<h> — A7 (n))?]

€Ik j€TK

for all h >0, t,t +h € [0,T], K € N.

Let || - || denote the Frobenius norm; with the expressions for Rp(h) in ([#.22), £(P*) in ,
and the definition of the algorithm (4.25)), we get

[H/t+h (B/ts aWE)awE = 3 ST g Béi,éj)HiJ

€Ik j€ETK

(mo—5( X ) VEom), )
r=D+1

5 (3 D2E((((3 )7 (2 w¥an) - V9)m) )|
~en( BTl - )]
el (% By Snll(((vEP - vy vm), )l awg)

RN o — 2
~og5( 3 &) X E[((vEPT-vEm) )]
:o}i( 3 5) B[IVEPD - VEE|12]

for all h > 0, t,t+h € [0,T], D, K € N. Here, we used that Vp(h)
h>0,D,LeN.

\z,aw e ™ N0z, Irxr) for all

Next, we employ the following lemma from [75].

Lemma 4.2

Let A and C' be symmetric positive definite matrices and denote the smallest eigenvalue of matriz
C by Amin- Then, it holds
|42 - C3|)} <
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Proof of Lemma[{.2 A proof can be found in [75, Lemma 4.1]. O

As stated above, we assume 7; > 12 > ... > ng for all K € N. We decompose %(*°) for some
K e Nas
2 = g _imicIpep + 3

to determine its smallest eigenvalue.
The matrix $(°) is defined as follows; for the diagonal elements, we get

~ (0 0o 2 : 2 i
Ez(gk) = Eék) —2nx_1mx = 2(ninj — NK—1MK) + Eniﬁj(Aﬁi)z + Enmj(Aﬁh)Q

for all k € {1,..., L} with Iy = (4,7), 1,7 € Tk, Ix € Za, K € N, and h > 0.

For entries other than the diagonal elements, we get fll(;;o) = E,(;o) for all Iy = (4,7), I; = (m,n),
iyj,m,mn € Jk, ik, 4 € Za, k,l € {1,...,L}, K € N.

As the matrix %% is positive semi-definite, the smallest eigenvalue A, of (%) fulfills Ay >
2% for all K € N.

The covariance matrices X(P1) and £(°°) are symmetric positive definite and we get by Lemma

and the definitions of £(P*), 3() in ([#.23) and ([#.24)), respectively,

of| [ o(s [CawvE)aws - 30 3 18,0 amas)|) ]

€Ik J€EITK

<Op( 3 H)E[IVEP - VESE]

r

<os (Y H)Epmeo s

(X Wl 5" Y a e IS
- 2 /22 r Q Q
2\/577[(71‘2 reDt1 r2 Dol r2 Nt r2 7|27 AW, |21 AW S bl g
i i :
— 2( 2)
K™ r:D+1T

E[(X ) (X g~ 2 5w )]
r=D+1 r=D+1 =D+1
2 o _
S )

2
KT r=D+1
L 00 1 [e’e) 1 o 9 0
T '
> e X s 2 B[S aeglowd]) ) AW
i1,00=1 r=D+1 r=D+1 ’

for all h > 0, t,t + h €[0,7], D,K,L € N.
Moreover, we obtain for all h > 0, t,t +h € [0,7], D,K,L € N

E[H/tt+hG(B/ts aWE)awE = 3 S0 m) G(Bézwéj)HjJ

€Ik J€ETK
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2, o g L %0
< anﬂ (:ZD+1 %) 1i1§1E[Var ((:%:H ézrzmw}?)(m) awd)]
2 o _ L 00
nzﬁ (r:zD;ﬂ %> | i1,i22:1r:ZD;1-1 [Var <( |z, AW;?>(1‘1,1'2) AWE?)]'

Next, we compute the expectation; we insert the expressions for EIT AW r e N, and X() see
and (| -, and split the sum into diagonal entries and the remaining part of the matrix.

This ylelds forall h >0, t,t+he€[0,T], D,K,L €N

awd)]

DOID I AT (G
=2 > LE[E[( g~ ),

(4131)

[EK AN E(OO))jil,ig)

AW,‘;?H

+
M-
M

AW}?H
i1,02=1r= D+1
11712

ST NP
zgzigK r=D+1
+ 1 (Zfz + 2ZTi\/m\/gAﬂz) - 2771'77]')2‘AW;?H>
+ i %4 (E [E [nf (erzm + er\/%\/zABZ” + Zrmn/T ﬁwi)%mn#m

i,j,mne€Jx r=D+1
1<j,m<n

2 2 N2
+ 771'2 (erZrn + er\/ nn\/;ABh + Zrn\/ U \/;AﬁiJ ]lizm]lj;én
2 2 m 2 [ 2
+ n; (Zrinm + Zri\/ TIm EAB}L + Zrm\/ i EA/B}L> ]ljzn]lzéém

AW,LQH).

(4.33)

2 n 2 % 2
+ 77]2‘ (Zm'Zrn + Zm'\/ Tin \/;A/Bh + Zrnm\/;Aﬁh) ]lj:mlli;én

We compute the terms in (4.33)) separately and obtain

2 . 2 . 2
D [E [(mi(2 + 2er¢n7-\/;wz) (23 + mwﬁw) ~ 21, !AW;?H
8 8 .
= E[3m gy + 2n7n; — dnin; + hm 13 (AB))? + 3nin; — Anin? + hm n;(ABY)? + 4n; nj}

= 20m;7);

and
2 2 m 2 J 2 Q
BB [0 (ZesZem + Zosn/lm\| S ABY + Zom /5|5 ABL) il | AW
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2 o L 2 -
=B (2 (njmn + 0mm (ABE)* + Enmnj(Aﬁib)z))]li:n]lj;ém]
= 50 1jm Li=nLjtm

for all 4, j,m,n € Jx, K € N with ¢ < j,m < n. For the other terms of this type, we get similar

results.

Moreover, we obtain for all D € N

1 1 1
Z i / ad5=3573

r=D+1
and
1
TD+1 / 182 D+1
So, we get
( Y DYy Lytebal 2
r=D+1 ! r=D+1 r? - 3D T 3D?
for all D € N.

In total, we get for all h > 0, t,t +h € [0,T], D,K € N

E[H/:MG(B/: AW ) awl = 37 3T 0 () G<Béi’éj)Hif]

1€k J€ETK
h? =1y
co——( Y 3) Z > 200k
nNKm r
r=D+1 r= D+1 ,JETK
1<j

i7j7m7n€s7K
1<j,m<n
h? 2
< C?W Z <2O7L nj 2+ 57y Z 77m+577]2‘77i Z 77m>-
K 1,J€TK meJk meJk
1<j m#Ej,m#i m#Ej,m#i

Finally, this implies

[H/H-h B/ WK) awE -3 Y f(cg’j)(h)G(Béi,éj)Hz]

€Ik j€ETK
2
<C —(20( sup 77-) trQ2+10( sup 77-) trQ 3)
77K7r23 2 ieTk J ( ) jedw J ( )
h2
< 4.34
forall h >0, ¢t,t+h€[0,T], D,K € N. O]
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Proof of Theorem [4.3]

Theorem (Convergence of DFM)

Let assumptions (C1)-(C4) and (C6a) or (C6b) be fulfilled. Then, there exists a constant Crq €
(0,00), independent of N, K, M, and D, such that for (Yn?)ongM, defined by the DFM in
, it holds

1 — « .
(E[HXtm - YﬁHZ]) ‘< CT,Q(( inf /\i) T+ ( sup 77j> + M mnEO=0) +5(D))
i€I\IN JEI\ITK
for all m € {0,1,...,M} and all N,K,M,D € N. The error term E(D) is determined by
Algorithm 1 or 2 and given in Theorem or Theorem [{.3, respectively. The parameters are
determined by (C1)-(C4) and (C6).

Proof of Theorem[£.3.
Throughout the proof, we use the following notation for all m € {0,..., M}, M,N,K € N,

m—1

tiy1
> / eAltm=s) B(X,) AW,
t

A m—1 i1 A
X, =2t X + Z/ eAln=9) (X)) ds +
1=0 't 1=0

MIL A e A MIL =l A MIL K
yMIL —py <e tm Xo + Z/ eAltm=t) p(yMILY 45 4 Z/ eAltm=t) p(y,MIL) QW]
1=0 Yt 1=0 Yt

m—1 tie1 s
n Z/tl eA(tm—tz)B/(YlM]L)(/tl B(YZMIL)de(> dWSK>7
1=0

m—1

ti+1
> [ e p ) as +
1=0 't

m—1 tig1
> / Aln =t B(v,%) dw X
1=0 74

m—1
+3 e A= B (v ) ( " BYQ)dwk ) aw
, l l T s ’
=0

?m =Py (6‘4th0 +

t

and
A m—1 ti1 A 9 m—1 7 A o K
Yy =Py | e X + Z/ Al =t p(y,2) ds + Z/ At =) B(Y,%) AW
1=0 Yt 1—0 YU
m—1
30> A (B(V2 4 Y PvBYEIE, () — B(Yl)éj>>
=0 jeTK €Tk

with hy :=t;,1 —t; for all [ € {0,...,m — 1}.

We estimate the error in several parts according to

1

(E[I1Xe, - v.QI%])?

= (B[IXe,, = Y=+ YATE — Y, + Y = V23]

D=

1
< (B[IX,, - Y2 13])?
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1
+ (BLIYATE = You + Yo = Yo + Yo = Y2I3])

< (BI1X,, — YA 3])?
+ (B = T3)) 4 (B~ Youll)) + (BIIVG - ¥212))°

for all m € {0,..., M}, N,M € N.
The first part, which is the error resulting from the approximation with the Milstein scheme,
is estimated in the same way as for the commutative scheme. For details, read the proof of

Theorem [B.1] in Section

We prove the following lemma on the moments of the approximation process (Y,f;b2 Y me{0,...,M}>
M € N, which will be used throughout the proof if (C6b) does not hold. For now, we denote the
approximation of I(Q])(hl) by (i )(hl) foralll € {0,...,M},i,5 € Ik, M, K € N, independently
of the algorithm that is employed to approximate it. We distinguish Algorithm 1 and Algorithm
2 during the proof.

Lemma 4.3
Let conditions (C1)-(C4) and (C6a) be fulfilled; then, it holds for some arbitrary M, N,K € N
and some constant Cp 7. > 0, independent of M, N, K,

s (E[IYSI%, )7 < Cpro(t+ (B[IXol%,))

me{0,...,M}

hSAl

)

for all p € [2,00).

Proof of Lemmal[{.3
For m € {1,...,M}, M € N, we assume that the statement has been proved for all YZQ with
le{0,...,m—1}.

The triangle inequality implies for all m € {1,..., M}, M, N,K € N, and p € [1,00)

(BI1Y1%,])
< (et G| [ weovomial, ]

LA

1=0
tm T A Q p I\

_I_ E H/ Ze (tm—tl)B(i/l )]l[tlutl+1)(8) s

to 1= Hs

m—1 i\ 2

B - p P

+ (E[H eAltn=t) 5™ (B(YlQJr > PyBYR)EIL, (n)e; B(YZQ)ej>’HD ) _

=0 JETK €Tk 5

By Holders inequality, Theorem 2.6 and a Taylor expansion of the difference approximation, we
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obtain for all p € [2,00) and all m € {1,..., M}, M,K € N

(E[IY215,])
m— 1 tl+1 ) .

< Cp((E[HXOH E < (/ [ A)(SeA(tm*tz)F(YEQ)HZ} ds)phlp)Q
=

SEIN)

V]

o Jth
[ G ool ) o
to =0 b ) Lus(Vo,Hs)
m—1
+ <E|:H Z(_A)éeA(tm*tz) Z B/(f(YEQJ ( Z PNB YQ eZIQ hl >H ]) )
=0 JjEIK 1€JK

Due to (C1)—(C3), Theorem and since §(YlQ,j) € Hg forall I € {0,...,

m—1}, j € Jk, and
M,N,K € N, we get

E[IVQIL )"

m—1

2 2 t1+1 2 2
< GBIl )7 + G A Y ([ =077 as) (RGN
=0 !
m— tiy1 m— P %
(tm—1ty)
+sz/tl ( { z; ! ]l[tl’tHl)(S)HLHs(VoHg)]) ds
0 S - (5| £ meran(  veortaid, o))
JEIK
m—1 2
2 _2 » 2
< Cp(B[I1Xol,1)7 + G2 3 (hltm —1)7)” (14 (B[I1¥2I3,))7)
=0
(S Q e[ 5 A)PeAltm—t)|12
3 (BIBOON o)) [ 1A AV A as
1=0 !
m—1 1\ 2
# 0 (=) 3 (BB sy [ X T 00e])7)
1=0 JETK €Tk
2 2
< Cp(B[lIXollf,]) 7 + 1= Cpr Z D7+ ®[1Y°15,])7)
=0
m—1 2
+Cp Y Mt — )2 ( [HB(YQ)HLHS Vo, Hé)])p
=0

B =

m—1 1 2
+ CMA Z(m—w%( > (BIBOORwmy])" > (E[<f8j><hz>>ﬂ>?)
1=0 JEITK 1€JK

forall m e {1,..., M}, M,K € N and p € [2,00).

Further, we obtain by (C6a) and the distribution properties of I, (i.j)s b J € Tk, see Section
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forallme {1,...,M}, M,K € N, p € [2,00)

Gl

< Gy (B[Xol%,])? + Cprhi™ 252 (14 (B]IV2)15,])7)

SN

+Cyh Z = 1) (14 (B[ 205,])7)

+ oM™ Z(m—l)*%((l+EUmQH%6])% S (Bl vy i) # )

=0 1,J€ETK

< G (BIXall])F + Cparhl™ ”Z 1+ Bl

o S B (BRI Y i)

=0 1,J€ETK

2

< Gy (B[ IXoll%, )7 + Cprh'™ 252 21+ (BRI ])7)
m—1
+Cph' ™Y (m = )7 (1+ (B[[V2)5,]) 7).
=0

As in equation (3.31)) in the proof of Theorem we obtain for § € (0, %) andallm € {1,..., M},
MeN

m—

—26
_25<M1 2
—1-26

—
—

=0

Therefore, we get for all m € {1,..., M}, M € N, p € [2,00) the estimate

m—1
2 2 2
E[VZ17,1)7 <CoE[IXoll,])? + Coro +h 2 Cprag Y (m =) (BIY%IIR,])?
=0
and the discrete Gronwall Lemma implies

(E[HYﬂ?HII){(;] )% < (Cp (E [HXOH%(J )% + Cp7T7Q>eCp,T,Q Zﬁgl(m,l)fzéhlfza
2
<Cpro(1+ (B[ Xoll,])7)

forallme{1,...,M}, M €N, p € [2,00). O

Now, we continue with the proof of Theorem . The estimate of E[||Y,/' — Y,,||%] can be
obtained as in Theorem on page 56| for all m € {0,..., M}, M, K € N. We get

m—1
E[IVME — Yol3) < Orn Y EB[IVME - v 23] (4.35)
=0
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for all m € {0,..., M}, M,N,K € N.
For the next term, we obtain

B[V — Yinll %] =

1

ti41 m— ti+1
E[HPN(eAt’"Xo—i- / Al Py Q)ds + 3 / eA(tM’tl)B(YlQ)dW5K>
b 1=0

soe( Y Vv Z / A B [ B0z, a0))
1,]€TK

m

1 tin m—1 tia1

Py (e X, + Z/ eA(tm—tz)F(YlQ)dS_|_ Z/ eA(tm—tl)B(le)de)
1=0 7t

)

=0

3

-1

(
o

~
Il
o

A=) 3 (B(YlQ + ) ﬁmPNB(EQ)éi[(i,j)(hl)>éj - B(YlQ)éJ)) Hj{}
JeTK 1€TK
1

:E[HPN(mZ > ViV BI(YO) (BY)ei &) sy ()

0 4,j€ETK

3 m
\

B PN( > Altm—11) Z (B(YlQ + Z @\/@PNB(EQ)QIW)(M))% ~ B(Y,*)e ))HQ}

€5
. H
JETK €Tk
for all m e {1,...,M}, M,N,K € N.

A Taylor approximation of second order of the second term, similar to (3.30]), assumption (C3)
and the triangle inequality imply

E[[[Yin — Yil|Z]

[HZeA(tm " Z //B” YQJF“Z\/”»J\/EPNB 9)éi z])(hl))

1€JK

1€TK

(S VAPV BTy (). 3 aPNBLY, )eil(i,j)(hl)>éjrdudrHZ]
iEJK

<5/() Sy s [ [ e mn (v 0 3 Ry BT )
=0 jeJK

1€JK
( Zj: VIV PN B(Y,)E 1 ) (), %: mmPNB(nQ)éiI(i,j)(hl»éjHHrdudr)2]
€Ik €Tk

<CE[ ZZ;];/ / HB// YQ+u Z JTVIPNBY,Q)E T l))HL(2>(H,L(v,H)>
H S \/ﬁj\/@PNB(Y;Q)éiI(M)(hZ)HHTdudr>2}
1€JK

m—1
< CE[(Z Z HB(YIQ) Z \/ﬁj\/ﬁ@ﬂi,j)(M)Hi)z}
=0 jeJk €Tk

forallme{1,...,M}, M,N,K € N.
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Assume that (C6a) holds; by condition (C3) and due to Lemma [£.3] we obtain

E[||¥m — Yill%]
m—1

<cr|(X T 180 gm| T vivaar ;)]
1=0 jE€TK €Tk
m—1

2
B sy X o ()T () e 5 ) |

=0 jeJk 11,i12€TK

m—1 9
B0 g 3 mint )|

=0 jeJk 1€JK

SC(Wf- : (E[HB(Y?Q)”L&V,HM%)(E[(mm( i (h) Déy
(e[t m]) ")

for all m € {1,..., M}, M, K € N. If (C6b) holds instead, the estimate follows similarly.

Eventually, we obtain

B[V — Yol %] <C<Z nj m( [I(” hl)Dé>2

VNS i€ TK

.

<C’< = (i Q)2h2> < Crh2(tr Q) (4.36)

by the distribution properties of I; ;(h), | € {0,...,m —1}, 4,5 € Jk for all m € {1,..., M},
M,K €N.

Next, we determine the error that results from the approximation of the iterated stochastic

1
integral, that is, we estimate the term (E[HYm — YWQH%{]) ? forallm e {0,...,M}, M €N.
We compute Taylor approximations of first order of the approximation operators of the derivative
and obtain for all m € {1,..., M}, M, N, K € N

E[[|Ym — Y2l

mol ety m=1 .4
=E [HPN <eAth0 + Z / eA(tmftz)F(Y}Q) ds + E : / eA(tmftl)B(YlQ) dWSK
1=0 YU P

+mi:1 > eA(tm—tl)(B<YlQ + > PNB(EQ)éiIﬁj)(hz))éj - B(YZQ)éﬂ'»

=0 jeJk €Tk

m—1 ti1 m—1 7
— Py (eAtho +) / Alm W R(Y,2)ds + ) / A=) (v aw K
1=0 7t 1=0
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4.3. Proofs

—i—m 1 eAltm—t) ( (YQ+ > PyB(Y)&l, (i, )(hl)) B<Y1Q>éj>)HjJ]
1=0 jE€TK €Ik
:E[HPN(m > ) (B(v9) (Z PNBYP)ElG (). é )

1=0 jeJk eIk

+; Altn=t) B"(¢(V,2, 5)) < > PB(Y, i () ). > PB(Y, )(hl))
zejK €Ik
— B/ YQ ( Z PyB(Y, )(hz) )
€Tk

_ %eA(tm—tl)B” §(Y1,9) ( > PyB(Y, (), > PvB(Y, )(hl)) ))Hi]:|

1€JK

By rearranging the expression, we obtain

E[|[Ym — Y2 1%]

1€JK

< CEM ZeA(tm_tl)</t+ B ( [ B aws) awk

17} t

-y IQ \B'( Y2) (B
7JEJK

1€TK
B" v ( Y PvB(Y®
1€JK
cm 1E[H/tl YQ / B(Y®) dWK) AWK

=0

con'S
=0

_ B YZQ’J (Z PyB(Y,
1€JK

= ([l s moos

je€IK 1€TK

foralme{1,...,M}, M,N,K € N.

Y PyBYalIl, (b

05) .

0, Y PYBYEIE ;) ()%

1€TK

0. pe s )
€Tk

> I B BEDE )|
1,J€ETK

&I, (), Y PvB(Y,

1€JK

;)

)éllg,j)(hl)>éj

(), Z PyB(Y )& I 1 () )e”)H Dl)?

1€JK

The first term can be estimated as in Theorem or Theorem [£.2] respectively. We get for

Algorithm 1

| [ mod ([ o aws)aw -

h2

<Cemp
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4.3. Proofs

and for Algorithm 2

tl+l S 2
|| [ e ([ o avE)aws - S 1 mp e
b b 1,J€ETK a
h?
SCQﬁnKl

forall l € {0,....m —1}, m € {1,...,M}, h > 0, and M,K,D € N. In the following, we
keep the proof independent of the algorithm to approximate the iterated stochastic integral and
denote this error by £(h, D) for all h > 0, D € N.

Then, we get by assumption (C3)

E[[[Ym — Y2l

m—1
<C> £&(n,D)

=0
m—1 1.9
Z ( Z ( “B” YZQJ HL<2> H,L(V,H)) H Z ) '18,]-)(’”)“2})2)
=0 jeJKk 1€JK
m—1 L 9
+COM ( Z ( |:HB// }/ZQ’j))Hi@)(H,L(V,H))H Z B(YVlQ (2]) h’l H }>2>
=0 jeJk €Tk
m—1
<C > &(n,D)
=0
m—1 0 2 N 3\ 2
+CMZ< <E|: I(z 1,9) hl) (22])(hl)<éilvéi2>\/) HB(}/I )HL(V,H):|> )
=0 “j€TK i1,82€JK
m—1 2 3\ 2
roy (3 (B[( X 18,0008 e av) B0 ] ) )
=0 “jeJx 11,i2€TK

m—1

SHLUREL 1<JEJ (x { > 12,00 150 n]) )

5\ 2
) i Hi(m]) )

Due to the properties of I( )(hl) (”)(hl) for I € {0,.. -1}, i,j € Jg, MK € N,
assumptions (C3), (C6b) or (C6a), and Lemma [£.3] we obtaln forallme{l,...,M}, M €N

.

—_

m—

+CM (Z( {(

=0 jeJk €T

=

—_

3
N

m—1
E(h, D)+ CoM 3" ((h4E[||B(1QQ)II‘i(v,H>])
=0
m—1
E(h, D)+ Crq Y _ b
=0

B[|1¥,, - Y24 <C

™

3
L

IN

™

C

3
L

IN

C Y &E(h, D)+ Crgh?. (4.37)
=0
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4.4. Numerical Analysis

Now, let j:gj)(hl) = ~(Ci2j)(hl) forl € {0,...,M}, 4,5 € Ik, M,K € N, that is, we approximate
the iterated integrals by Algorithm 1. Then, we get for all m € {1,...,M}, M,D € N

m—1 2

h h

For Algorithm 2, on the other hand, we obtain

m—1 ;9

h2 h _
B[V — Y2%] <Cq Y ﬁn; + Croh® < Crg (ﬁnKl + h2).
=0

forallme {1,...,M}, M,K,D € N.
We combine estimates (4.35)), (4.36]), and (4.37) in order to obtain

m—1
B[V —YRI%] < Crh Y BVM = Y2 3] + Crb?(rQ)* + CME(h, D) + Oroh?
=0
< CME(h, D) + Croh?

for all m € {1,..., M}, M,D € N by Gronwall’s Lemma.
In total, this yields for the DFM1

<E[||Xtm Yﬁ”?ﬂ)% gCT,Q(( inf )\i>ﬂ+( sup nj)& M- mine-8)) | \/5)7

i€T\In JET\TK VD
and for the DFM2 it holds
1 — a . \/E _1
E[X.. - YQI%])? <C inf )+ )" Mmin@e-B)m) Y,
(B0, = ¥i215) " <Cro(( Jnt %) "+ ( sw ) )
for all m € {0,..., M}, M,N,K,D € N. O

4.4 Numerical Analysis

We illustrate the theoretical results obtained in the previous sections with some numerical simu-
lations now. Therefore, we compare the derivative-free Milstein scheme combined with Algorithm
1 or Algorithm 2 to the exponential Euler scheme in this section. We refrain from implementing
a combination of the Milstein scheme with Algorithm 1 or Algorithm 2, respectively, as the ef-
fective order of convergence of this scheme is lower than for the DFM1 and DFMZ2; this follows

in the same way as in Section [3.4]

Consider a setting similar to the one outlined in Section and fix H = V = L?((0,1),R).
Moreover, we choose F(y) =1—y for all y € Hg, e; = & = v/2sin(inz) for all i € N, z € (0,1),
and assume X;(0) = X;(1) =0, Xo(x) =0 for all t € (0,7, z € (0,1).
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4.4. Numerical Analysis

Let pi(y) = <y1;+1>f foralli e, j € J,y € Hg and some p > 2.

0, k+#j
This implies qbf](y): 7 foralli,ke€Z,jeJ, ye€ Hp.
k=

_1
ip+j4 9

The equation does not fulfill (C5) as

1 <y7 67’L>H
> S (W)ten () = 1 1
o zp +m=mP +n
but
1 <y’ eTn>H
Z ¢zn Hkm Zp T n4 np + m4
kel

holds for all y € Hg and alli € Z, n,m € Jx, K € N.

Conditions (C2) and (C4) are, however, obviously fulfilled.

In the following examples, we choose A = 100, that is, \; = 7;0102, = /2sin(irx) for all i € N,
2 € (0,1) such that (C1) holds. Next, we verify (C3). From Section [3.6] we get

IBWLviesy < DD Al (W)l < Y Z T vle

kel jeg k’teEJ

for all y € Hs. It holds, | B(y)|lLv,my) < C(1+ |lyllm,) for all y € Hs if § < P5=. We select the
maximal value for ¢ in the examples below.

Moreover, we get

[SIE

I(=A) " BEQ nsoom =( X0 mi 7 YA k(=)

keJ €L
1 1 1
2\ 2
S( Z kP (1—2a)+4 Z P49 ||Z||H>
keJ i€
for all z € H,. So, H(—A)*ﬁB(Z)Q*O‘HLHS(VmH) < C(1+ HZHHW) holds true for all z € H, if
a < pQ+3
2pQ °

Example 1 - Similar Effective Orders for DFM1 and DFM?2

First, let p = 4 and pg = 3. In this case, (C3) holds with § € (0,3) and o € (0,1). Moreover,
(C6a) is fulfilled as pg > 2. These parameters yield v € [4,1) for 8 = 0. We select gppy = v =
l—¢,a=1—c¢ forsomee € (0, 2).

According to Table we determine which scheme to use in this setting. It holds

2ypaapq +vpa —apg >0 and  2ypaapg + poypa + 2(vpa — apg) > 0.
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4.4. Numerical Analysis

Next, we compute ypa > po(a —vpa) and

a 3
PQYPA 3
20pQvpAa +ypAa —apqg D

Moreover, we get ¢ > a(2q — 1), apg > ypa and, finally, we show

apQYPA 23y
2vpacpg + pgrpa + 2(vpa — apg) 8

Therefore, in this setting, we expect the scheme DFM1 to achieve a higher effective order of
convergence.

Let us fix some N € N, we obtain the relation of N, M, K as M = N? and K = N3. For the
expected order of convergence, we get error(DFM1) = error(DFM2) = (’)(67%*5) for some € > 0.
In the EES, however, we take M = N*, K = N3 and obtain error(EES) = O(E_%+E).

The following table and plot illustrate the results of the numerical analysis. We simulate 300
paths with the approximation schemes and compare the results to a substitute for the exact
solution. We choose an approximation computed with the linear implicit Euler scheme with
Nx =26, Kx = 2% and My = 2% for comparison. In Figure one observes that all the
schemes converge with the expected order of convergence. Moreover, from Table we get an

impression on the difference in the computational cost of the numerical schemes.

DFM1 DFM2

N M K CC Error Std CcC Error Std

2 4 23 64 3.4-1072 3.7-1073 || 71 3.4-1072 3.6-1073
4 24 23 1344 2.5-1072 2.1-107% || 1574 2.5-1072 2.1-107%
8 26 22 30720 1.7-1072 2.7-1075 || 30720 1.7-1072 2.7-1075
16 28 23 1462272 6.3-1073 7.0-107% || 1679055 6.3-1073 7.0-1076
32 210 | 2% || 58753024 | 1.6-1073 8.4-107°% | 66832237 | 1.6-1073 8.3-107¢

Linear Implicit Euler Exponential Euler

N M K CC Error Std CcC Error Std

2 24 23 64 221072 5.6-1073 || 64 2.2-1072 5.6-1073
4 28 23 3072 2.6-1072 5.1-10~* || 3072 2.7-1072 5.2-107%
8 212 | 22 131072 1.7-1072 3.9-107° || 131072 1.7-1072 4.0-107°
16 216 | 25 7340032 6.1-1073 1.2-1075 || 7340032 6.1-1073 1.2-1076
32 220 | 2% || 369098752 | 1.5-103 2.6-107% || 369098752 | 1.5-1073 2.7-1076

Table 4.2: Error and standard deviation for Example 1 obtained from 300 paths. CC denotes the
computational cost computed as CC(DFM1) = 3MNK+M2‘1@, CC(DFM2) =3MNK +

Mo+ gFEESD and CC(EES) = CO(LIE) = MNK.
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\ —— DFM1
N —6— DFM2
\ —+—EES
N —4—LIE
---38
6/17

error

10 10" ° 10°

10
Computational cost

Figure 4.1: Error against computational cost for Example 1 for 300 paths and N = 2,4, 8,16, 32
in log-log scale.

Example 2 - Lower Computational Cost for DFM1

Now, we choose p = 3 and pg = 3. Therewith, we get 6 € (0, 1) and « € (0,1). As before, (C6a)
holds due to pg > 2. For =0, we get qprym =7 € [%,%). We set v = %—5 and a = 1—¢
with e € (0, &). Again, we compute

2ypaapq +vpa—apg >0 and  2ypaapg + pQypa + 2(vpa — apg) > 0.

APRIYPA
2ypaapgt+ypa—apq
g > a(2¢ — 1) and apg > ypa. This parameter constellation suggests, see Table that the

DFM1 converges with the highest effective order of convergence, given in (4.27]).

9

Moreover, we get ypa > po(a — ypa) and < 77 < ¢. Finally, we compute

For both DFM1 and DFM2, we get M = N2, K = Nz, and error(DFM1) = O(¢ :1°),
error(DFM2) = O(E_%+€) for some € > 0. For the exponential Euler scheme, we have gpps = 3
and obtain M = N3, K = Nz. The order of convergence equals error(EES) = (’)(E‘éﬁ).

For this example, we employ an approximation computed by the linear implicit Euler with
Nx =256, Ky = 2% and My = 2'8 instead of the exact solution. In Table and Figure we
observe that the predicted effective orders of convergence of the derivative-free Milstein schemes
and the exponential Euler scheme are outperformed. A reason might be that the estimates
in Section leading to the choice of the parameters, are not sharp. Moreover, the DFM2
involves a higher computational effort than the DFM1 which leads to the lower effective order

of convergence.
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4.4. Numerical Analysis

DFM1 DFM2

N M CC Error Std CC Error Std

2 4 56 3.0-1072 2.7-1073 || 64 3.0-1072 2.7-1073
4 24 448 2.5-1072 5.3-107% || 475 2.5-1072 53-107*
8 26 6144 1.7-1072 6.6-107°> || 7430 1.7-1072 6.6-107°
16 28 73728 6.3-1073 3.0-107° || 98304 6.3-1073 3.0-107°
32 210 1081344 | 1.7-1073 2.6-107° || 1866831 | 1.7-1073 2.6-107°

Linear Implicit Euler Exponential Euler

N M CC Error Std CcC Error Std

2 23 32 2.1-1072 2.8-1073 || 32 2.1-1072 2.9-1073
4 26 512 2.6-1072 4.2-107* || 512 2.7-1072 4.5-107*
8 29 12288 1.7-1072 1.5-107* || 12288 2.0-1072 1.7-107*
16 212 262144 | 6.2-1073 3.5-107° || 262144 | 6.4-1073 3.8-107°
32 215 6291456 | 1.6-1073 3.2-107° || 6291456 | 1.7-1073 3.6-107°

Table 4.3: Error and standard deviation for Example 2 obtained from 500 paths. CC denotes the
computational cost computed as CC(DFM1) = 3MNK+M2‘1@, CC(DFM2) =3MNK +

Mota 5 KEZD and CO(EES) = CC(LIE) = MNK.

NN —*— DFM1
NN —&— DFM2
N —+—EES
—%—LIE
---3/8
- —6/17
1/3

error
)

10° 10* 10

Computational cost

Figure 4.2: Error against computational cost for Example 2 for 500 paths and N = 2,4, 8,16, 32
in log-log scale.

Example 3 - Differing Effective Orders

Finally, we choose pg = 4 and p = 4. This yields o € (0, %), J € (0, %), and qprpy =7 € [%, 1)

for 5 = 0. Here,weset7:1—5anda:%—5forsome€€(O,%).

We compute the following expressions to determine the optimal scheme in this setting

2ypaapq +vpa —apg >0, 2ypaapq + peypa + 2(vpa — apg) > 0,

114



4.4. Numerical Analysis

and "
(0%
PQYPA M
2ypaapq +ypa —apg 27

Moreover, we compute ypa > po(a — vpa), a(2g — 1) < ¢, and apg > ypa. By Table we
identify the DFM1 as the optimal scheme.

For this parameter constellation, the effective order of convergence of the schemes DFM1 and
DFM2 is given in ([4.27) and (4.29), respectively. This yields M = N?, K = N7 for the DFM2
and error(DFM2) = (’)(6_%“) for some ¢ > 0. For the DFM1, however, we get M = N2,
K = N7 and error(DFM1) = (9(57%“). Finally, for the exponential Euler scheme, we choose
M = N* K = N7 and obtain error(EES) = O(E_%+E).

Here, the exact solution is replaced by an approximation computed with the linear implicit Euler
scheme for Nx = 26, Ky = 2274, and My = 2%.

DFM1 DFM?2
N M CC Error Std CcC Error Std
2 4 64 3.0-1072 2.3-1073 || 80 3.0-1072 2.3-1073
4 24 1344 2.5-1072 3.1-10* || 2304 2.5-1072 3.1-107*
8 26 30720 1.7-1072 4.6-107° || 55296 1.7-1072 4.6-107°
16 28 716800 6.3-1073 9.3-107% || 1085440 6.3-1073 9.3-107¢
32 210 30146560 | 1.6-1073 9.0-107¢ || 59506688 | 1.6-1073 9.0-107¢

Linear Implicit Euler Exponential Euler

N M cC Error Std CcC Error Std
2 24 64 2.2-1072 4.7-1073 || 64 2.3-1072 4.9-1073
4 28 3072 2.7-1072 4.8-107% || 3072 2.7-1072 5.0-1074
8 212 131072 1.7-1072 8.3-107° || 131072 1.7-1072 8.5-107°
16 216 5242880 6.1-1073 1.8-1075 || 5242880 6.1-1073 1.8-107°
32 220 268435456 | 1.5-1073 1.6-1076 || 268435456 | 1.5-1073 1.7-107¢

Table 4.4: Error and standard deviation for Example 3 obtained from 500 paths. CC denotes the
computational cost computed as CC(DFM1) = 3MNK+M2‘1@, CC(DFM2) =3MNK +

M‘I‘F%K%w, and CC(EES) = CC(LIE) = MNK.
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Figure 4.3: Error against computational cost for Example 3 for 500 paths and N = 2,4, 8,16, 32
in log-log scale.

In Examples 1, 2, and 3, the derivative-free Milstein scheme combined with Algorithm 1 or
Algorithm 2, respectively, obtains a higher effective order of convergence than the exponential
Euler scheme. This confirms the theoretical analysis that we conducted in Section to Section

In our examples, we selected the maximal value for o and +, which yields apg = @ —

EpQ ~ pQt3
denoting the Laplacian, the DFM1 always outperforms the exponential Euler scheme, see Table
Concerning the differences between the schemes DFM1 and DFM2, one has to keep in mind
that we did not include the additional computational effort that arises if the matrix VE() is
computed by a Cholesky decomposition.

> g On the other hand, vpa < pa = 2. Therefore, in this kind of setting with A
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From Local to Global Error Estimates

In the error analyses in the last chapters, we computed global error estimates for the approxi-
mation schemes directly, see Section [3.5] and Section [£.3] A different approach to obtain these

estimates is the estimation of the local error, from which the global error can be inferred.

Let T' € (0,00), denote by (X¢);c(o,7] the real-valued exact solution of some differential equation
and by (Yin)mego,...,my, M € N, the approximation obtained with some numerical scheme.

For ODEs and SODEs, there exist well known results on the connection between local errors,
that is, the error that results by conducting one step with a numerical scheme, and the global
error of Xp — Y for some fixed M € N. The definitions of the local errors e,,, m € {1,..., M},
and the global error depend on the type of differential equation that is considered. For SODEs,

we compute the mean-square error, for example.

For ODEs, the order of convergence is reduced by one if the global instead of the local error is
considered, that is, for some p > 1, h := maxy,e(1,. p) hm, and m € {1,..., M}, M € N, we
have

em < ChPH = | X7 — Y| < ChP,

see |23, Chapter II, Theorem 3.4, Theorem 3.6| for the assumptions that have to be fulfilled.

For SODEs, however, it has been shown by Milstein, [50, Theorem 1.1|, that the strong order of

convergence p > % is reduced by % only when passing from the local to the global error, that is,

[NIES

em <CRPTL = (B[ Xy — Yy[?])® < ChP*E,
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In [§], Chen and Hong analyzed semi-discrete schemes for SPDEs of type
Vi1 = S(R) Yo, + ®(Yin, AWM h)

for all m € {0,...,M — 1}, M € N, h > 0. They showed that the difference in the order of
convergence is influenced by the approximation of the semigroup e4” by some operator S (h) with
et — S(h)\\L(H) < Ch" for r > 0, h > 0, as well. For a local error of order p > %, computed in
| - ||, for some v > 0 determined by their setting, they proved

B[|| X7 — Y||3. ] < Chmntr—3

in [8 Theorem 4.2].

In [14] and [32] p.157,158|, however, the authors observed the same order of convergence for the
local and the global error in numerical simulations. In the following, we show that this discovery
can be proved for numerical schemes of general type

Yol = PyS(Y, 0K 4 ey M AWM, )

for all m € {0,...,M — 1}, M, N,K € N and all h € [hpin, 1) with Ay, > 0 if we assume the
setting outlined in Section . The result can be obtained for semigroups S(t), ¢ > 0, with
IS lLey < 1 for all £ > hpiy. In this case, the semigroup inhibits the accumulation of local

errors.
Theorem 5.1 (Local and Global Error Estimates)
Let M, N, K € N be arbitrarily fized. Assume that the local error fulfills

em < ChP + (zelIr{fIN )\i) e (jezu\}}K nj)a (5.1)

for some p >0, allm € {1,..., M}, and ||S(t)|[rz) < 1 for all t € (0,T]. Furthermore, we
require the numerical scheme to fulfill

E[|®(w, u,h) — ®(y,u, h)ll3;] < CRE[|w - yl%] (5.2)

for all h > 0, w,y € Hy, u € Vik. Then, there exists a constant Ct,s > 0, independent of
M, N, K, such that we obtain the global error for all h € [hmin, 1), hmin > 0, as

(el =35 130)" < ens(ow s (g %)+ (s, w)7)

Proof.
We fix Mg := [|S(hmin)llL(z) <1. Denote by X () the solution process at time t € [0, 7]
starting in Xs = @ for 0 < s < t, v € Hy. Yy (sq), s5,t € [0,T], s < t, is to be understood
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analogously.
First, we rewrite the global error such that we obtain a dependence on the local error e, =
1

(E[IX¢,, — Ym,(m—l,Xtm_l)H%iD§7 m € {1,...,M}, M € N. Let a > 0, then we obtain by
Young’s inequality

E[| X7 — Yu|#]

=E[|| X7 - Y m-1,x4,, ) T Yaoi-1,x,,, ) — Yr|%]

1
< (1+ a)E[| X7 = Yarar-1.x,,, pllH] + 1+ g)E[HYM,(MA,XtM_I) — Yull%]
< (1+a)ei;
1
-+ (1 + a)E[HeAh(XtM,l - YM—l) + ©(Xt]\{717 AWAI;L]V{, h) - (I)(YM—lﬂ AW]\@%? h)”%—]]

for all M, K € N such that 1 > .
Further, we obtain with Young’s inequality for a; > 0 and assumption ([5.2])

1 1
B[ X7 - Yul}] <(1+a)ed, + (1+ 5) (1+ afl)E[HeAh(XtM_l — Yar—1) %]

1
+ (1 + a)(1 + a1)E[H‘I)(Xth1aAWAI/§%a h) — ®(Ya-1, AWJ\I;’%7 h)HiI}
1 1
<(1+ a)e?w + (1 + 5) (1 * ail)E[HeAh(Xthl - YM—l)H%I]

1
+ <1 + 5)(1 + al)ChE[HXtM—l B YM*lH%I]

for all M, K € N such that £ > hupin.
For legibility, let ¢; := (1 + %)(1 + chl) and ¢ == (1 + 1)(1 4 a1). Therewith, we get for all
M, K € N with % > hmin the estimate

E[|Xr = Yarlf] < (1 + a)eds + et MBI X,y — Yar-1llfr] + c2ChE[[| Xey_, — Yarall].
Now, we replace E[||X¢,, , — Yar—1%] in the second term inductively. This yields

B[ Xz - Yarlh] < (1 + )k + erME (14 a)edy + el MEB(|Xey, — Yar—alF]
+ 2CRE[| Xy, = Yar—al}] ) + xCHB[[1 Xy, = Yar-1l}]
= (1+a)els + et ME(1 + a)eds 1 + G MSE[[| Xy, — Yara|#]
+ 1 MEesChE[|| Xy, , — Yar—o||H] + c2CRE[|| Xe,, , — Yar—1 |
< (1+ )l + e M3+ a)ed oy + AME((1+ a)ed
+ el MEE[(| X4y, _y — Yar-sl3] + 2ChE[|| Xy, _, — YM—3H%I]>
+ 01M§020hE[|’XtM_2 - YM—QH%{] + CZChE[HXtM_l - YM—1||12L1]
= (1+a)el; + a ME(1 +a)ed,y + M1+ a)ed;_y
+ A MEE[|| Xy, — Yu-sl|H] + i MseaChE[|| Xy, — Yar—sl|]
+ 1 MgeChE (| Xey,_, — Yar—2ll7r] + c2ChE[[[ Xey,_, — Yar—1l]
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M-

<...<(1+a)y+(1+a) Z ZHMZ(ZH €M —1—i
=0
M-—1 ' '
+ CQCh Z CllMglE[HXth17i - YM—l—iH%I]
=0

for all M, K € N such that > Rmin-

We need ¢; M2 < 1 tohold in the following; this can be obtained by choosing ¢; = (1+l)(1+i)
Mig which is possible for all h € [hyin, 1) as Mg < 1. Furthermore, as the local error e does not
depend on m for all m € {0,...,M}, M € N, see , we denote this term by £. Therewith,

we get by Gronwall’s Lemma

M-1 M—1
E[HXT - YMH%—I] = (1 + a)g + (1 + a’ g Z Cll+1M2(Z+1) +c2Ch Z ||Xt]\/[—1—i - YMflfiH%{]
=0 1=0
M—1
<+ +(1+a)f—" Ch Y E[|X:,, — Yl
<(l4+a)f+(1+a) m‘*‘@ Z 11Xt — Yonl[7]

m=0

< Coy (1 + a)geCZCT

< Croug <Ch2p + <ieizrisz Ai) T (j;u@K s ) m)

for all M, N, K € N such that & > . O

Remark 5.1
The condition ||S(t)|| L) < 1 is crucial for this estimate as the smoothing effect of the semigroup
1s the main difference compared to SODEs. However, we have to bound h > hpin > 0 away from

zero as ||S(0)||Lcay = 1.
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Conclusion and Remarks

As indicated by their effective order of convergence, derivative-free numerical schemes of higher
orders efficiently approximate the mild solution (X¢);c(o,77 to SPDEs of type (L.1). This rate is

determined by combining the theoretical order with the computational cost (CC) according to

1
ij\}nK (me{s[}i?7M} E |:HXtm - Y%NK}|2D ® suchthat CC=¢
for some ¢ > 0. The optimization problem yields a convergence rate in terms of the computational
cost ¢; it is this parameter that actually determines the scheme that is superior with respect to the
overall computational cost. We derived this value for various approximation schemes and showed
that for general equations the effective order of convergence is higher for the derivative-free
Milstein schemes than for the Milstein or the exponential Euler scheme. We developed differing
schemes for equations that are commutative and equations that do not fulfill this assumption. For
commutative equations, the simulation of the scheme is straightforward due to expression ,
and the results are summarized in Table If the SPDE is not commutative, we cannot rewrite
the iterated stochastic integrals in terms of increments of the )-Wiener process. Therefore,
the approximation of these SPDEs requires the simulation of these integrals. We presented two

algorithms to approximate iterated stochastic integrals of type

t T
/ B’(XS)(/ B(XS)dW,f> awk
for s,t € [0,T], s < t, K € N. For details on Algorithm 1 or Algorithm 2, we refer to page

and page [89] The approximation schemes that we derived obtain higher theoretical as well

as, for most parameter constellations, effective orders of convergence than the exponential Euler
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scheme, see Theorem and Table Algorithm 2, however, could be improved in terms
of the computational effort if one obtained a closed form for the matrix v'3(°), see equation
(4.24]). In this case, there would be no need for a numerical algorithm to compute the Cholesky

decomposition of X(%).

We proved estimates on the global error of the approximation methods directly. A different
approach to show the convergence of the numerical schemes is the estimation of the local error.
In a second step, the global error can then be inferred from this estimate. For ODEs and SODEs,
there exist universal results on the connection of these two error terms, see [23] and [50]. We
stated some ideas on the relation of local and global error estimates for SPDEs; these are in line
with empirical results from [32]. However, we are restricted to a step size h > hyin, Amin > 0.
So far, there exists no general result on this relationship which is consistent with the numerical

findings.

As the focus of this work was on the strong convergence of the numerical methods, it remains to
analyze the weak convergence of derivative-free approximation schemes. There exists literature
on the weak approximation of SPDEs, for example, [10, 15l [16], 29, [72], but there are no results
on derivative-free schemes so far.

Further research could focus on the systematic derivation of higher order schemes that are free
of derivatives as well. That is, one could investigate how to transfer the general idea of Runge-
Kutta schemes from other types of differential equations to SPDEs. In view of this, [32] is to
be mentioned. In this work, Jentzen and Kloeden derived Taylor expansions of arbitrary order
for the mild solution of SPDEs. Moreover, Hochbruck und Ostermann developed exponential
Runge-Kutta schemes for parabolic PDEs in [27]. These works constitute a promising basis for

research in this direction.
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Notation

(H,(-,-)m), (V,(-,-)v) are real separable Hilbert spaces

L(V,H) :={B:V — H| B is linear and bounded }

L(V):=L(V,V)
H, := D((—A)"), r € [0,00) p{4
1
Lus(V,H) = {B e L) : (Y IBE1%)* < o, &, j €N, basis of V} pIIg
JEN
Vo= Q3V pI9
£ = {(‘I’t)te[o,T} € L(V, H) : (We)efo,m) elementary } p[I9

N2(0,T; H) = {Y 1[0,T) x Q@ = Ls(Vo, H) | Y is Pr — B(Lus(Vo, H)) — measurable
T
2
and E[/O IVall2, s vom 5] < 20 Pl

N (0, T; H) = {Y L [0,T) x Q = Lys(Vo, H) | Y is Pr — B(Lus(Vo, H)) — measurable

ot P( [ IVl 05 < o0) =1) e
L(V,H)o :={ Tly, | T € L(V, H)} rBY
LO(H,L(V,H)) = L(H, L(H, L(V, H)) rid
LS. (Vo, H) = Ls(Vo, Lus(Vo, H)) rd
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